On the reversal of radial SLE, I: 
Commutation Relations in Annuli 

Dapeng Zhan 
Abstract 

We aim at finding the reversal of radial SLE and proving the reversibility of whole- 
plane SLE. For this purpose, we define annulus SLE(k, A) processes in doubly connected 
domains with one marked boundary point. We derive some partial differential equation for 
A, which is sufhcient for the annulus SLE(k, A) process to satisfy commutation relation. 
If A satisfies this PDE, then using a coupling technique, we are able to construct a global 
commutation coupling of two annulus SLE(k, A) processes. If more conditions are satisfied, 
the coupling exists in the degenerate case, which becomes a coupling of two whole-plane 
SLE„ processes. The reversibility of whole-plane SLE„ follows from this coupling together 
with the assumption that such annulus SLE(k, A) trace ends at the marked point. We then 
conclude that the limit of such annulus SLE(k, A) trace is the reversal of radial SLE^ trace. 
In the end, we derive some particular solutions to the PDE for A. 

1 Introduction 

The stochastic Loewner evolution (SLE) process introduced by Oded Schramm (|16j) describes 
some random fractal curves in plane domains that satisfy conformal invariance and Domain 
Markov Property. These two properties make SLE the most suitable candidates for the scaling 
limits of many two-dimensional lattice models at criticality. These models are proved or con- 
jectured to converge to SLE with different parameters (e.g., [IS] [11] [10] [T7] [18] [20] ) . For basics 
of SLE, the reader may refer to and [7j. 

There are several different versions of SLE, among which chordal SLE and radial SLE are 
most well-known. A chordal or radial SLE trace is a random fractal curve that grows in a 
simply connected plane domain from a boundary point. The difference is that chordal SLE 
trace ends at another boundary point, while radial SLE trace ends at an interior point. Their 
behaviors both depend on a parameter k > 0. When k £ (0,4], both traces are simple curves, 
and all points on the trace lie inside the domain except the end points. 

A coupling technique was introduced in [25] to prove that, for k G (0,4], chordal SLE^ 
satisfies reversibility, which means that if /3 is a chordal SLE^ trace in a domain D from a to 
b, then after a time-change, the reversal of /3 has the distribution of a chordal SLE^ trace in D 
from b to a. We use the coupling technique to construct a coupling of two chordal SLE^ traces: 
one is from a to b, the other is from b to a, such that the two curves overlap with each other. 
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The technique was later used to prove the Duplantier's duahty conjecture ([26] [27]), which says 
that, for K > 4, the boundary of the hull generated by a chordal SLE^ trace looks locally like 
an SLE^g/^ trace. It was also used to prove the reversibility of SLE(k, trace with degenerate 
force point when k G (0,4] and p > k/2 - 2 (^28^). 

Our goal now is to find the reversal of radial SLE^ traces for k £ (0,4]. Unlike the case of 
chordal SLE, the initial point and terminal point of a radial SLE are topologically different, so 
the reversal of a radial SLE trace can not be a radial SLE trace. However, we may consider 
whole-plane SLE instead, which is another kind of well-known SLE. It describes a random 
fractal curve in the Riemann sphere C = C U {oo} that grows from one point in C to another 
point in C. Whole-plane SLE is closely related to radial SLE. In the case of k G (0, 4], a whole- 
plane SLEk trace is a simple curve. Let P be such a curve that starts from a and ends at b. Let 
r be a stopping time for /? such that P{T) is neither a nor b. Let Dt be C without the part of 
f3 before T. Then Dt is a simply connected domain, b is an interior point of Dt, and f3{T) is 
a boundary point of Dx- If we condition on the part of (3 before T, then the part of P after T 
has the distribution of a radial SLE^ curve in Dt from /3(T) to b. 

Conjecture 1 The whole-plane SLEf^ trace satisfies reversibility for k. £ (0,4]. 

The conjecture in the case k = 2 has been proved in |29j. One result in ^29j is: given any 
zi 7^ ■Z2 G C, the loop-erased random walk (LERW) on the lattice from z^f^ to where 
Zj^^ is the vertex closest to zj, j = 1,2, converges to the whole-plane SLE2 trace in C from zi 
to Z2, as 5 ^ 0^ . So the conjecture in the case k = 2 follows from the reversibility of LERW 
([6j). But we are still interested in some proof without lattice models. 

It turns out that proving Conjecture [D is closely related to finding the reversal of radial 
SLE. Assume that the conjecture holds for some k G (0,4). Then we have a coupling of two 
whole-plane SLE^ traces: Pi and P2, which overlap each other and have opposite directions. 
Fix j ^ k £ {1,2}, i.e., {j,k) = (1,2) or (2,1). Let Tk be a finite stopping time for Pk- Let 
Sj be the first time that Pj visits /^^(Tfc). If we condition on the part of P^ before T^, then 
from the property of whole-plane SLE^, the part of Pk after Tk is a radial SLE^ trace in the 
remaining domain from Pk{Tk) to the end point of Pk- Since Pj overlaps with Pk-, so the part 
of Pj before Sj is the reversal of the above radial SLE^. On the other hand, we find that, to 
prove Conjecture [H we need the information about the reversal of radial SLE^. 

We can observe the following facts about the reversal curve, say /3, of a radial SLE trace 
when K G (0,4]. Such /? is a simple curve in a simply connected domain that grows from an 
interior point to a boundary point. After any non-degenerate initial part, the remaining domain 
is a doubly connected domain, and the rest part of P grows in this doubly connected domain 
from one boundary point to another boundary point. This observation makes us believe that 
P is the limit of some SLE-type processes defined for doubly connected domains. Moreover, 
if Conjecture [1] holds, such P must satisfy some commutation relation. This means that in a 
doubly connected domain D with two distinct boundary points a and 6, an annulus SLE trace 
started from a with marked point b commute with an annulus SLE trace started from b with 
marked point a 
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In this paper, we use the annulus Loewner equation introduced in [22] together with some 
annulus drift function A to define the so-called annulus SLE(k;, A) process, which are used to 
describe the SLE process in a doubly connected domain with one marked boundary point other 
than the initial point. Then we define the disc SLE(«;, A) process as a natural limit of the 
above process. After this, we show that if the drift function A satisfies some partial differential 
equation involving elliptic functions ( (j4.ip ). then we may construct a coupling of two annulus 
SLE(k, A) processes that commute with each other. 

We also find that, if A satisfies the above differential equation together with some condition 
about the behavior of A when the modulus tends to oo, then the above coupling exists in the 
degenerate case: the two boundary components of the doubly connected domain shrink to two 
distinct points of C, so we get a coupling of two whole-plane SLE^ traces. In addition, if we 
know that a disc SLE(At, A) trace almost surely ends at the marked boundary point, then the 
above two whole-plane SLE traces overlap with each other, so Conjecture [T] is proved for the 
corresponding k. We then immediately conclude that the reversal of a radial SLE^ trace is a 
disc SLE(k, A) trace. This paper focuses on constructing the commutation coupling. Another 
paper in preparation (00]) will discuss when the disc SLE(k, A) trace ends at the marked point, 
and prove that Conjectured] at least holds for k = 2,3,4. 

The marked point and the initial point of an annulus SLE(k, A) process could either lie on 
two different boundary components, or lie on the same boundary component. We study the 
first case for the proof of Conjecture [TJ The second case is also interesting. We also derive 
some partial differential equation ( ()4.58p ) about A which gives the commutation relation. The 
examples of such SLE include: a chordal SLEg/3 conditioned to avoid a hole (c.f. [IQ]); the 
scaling limits (if exist) of some lattice models in doubly connected domains such as loop-erased 
random walk (k = 2, c.f. |llj|24j ). Gaussian free field contour line {n = 4, c.f. [18] ). uniform 
spanning tree Peano curve (k = 8, c.f. [H]); and the critical Ising model {k = 16/3, 3, c.f. [20]). 
We hope that the work in this paper will shed some light on the study of these processes. 

The study about commutation relation of SLE in doubly connected domains continues the 
work in [5] by Julien Dubedat, who used some tools from Lie Algebra to derive commutation 
conditions of SLE in simply connected domains. 

We may also use other Loewner equations, e.g., chordal Loewner equation, to define annulus 
SLE(k, A) processes. In that case, A should be viewed as a pre-Schwarzian form of order 3 — k/2, 
and the driving function for that Loewner equation is ^/K,B{t) plus a differentiable drift function, 
whose derivative is the expression of the form A in the corresponding boundary chart (c.f. [12j). 
We choose the annulus Loewner equation in this paper because the partial differential equation 
for the commutation relation is much simpler. 

This paper is organized as follows. In Section [21 we review several Loewner equations and 
their covering equations. In Section [3] we define annulus SLE(k, A) process and its limit case: 
disc SLE(k, A) process. In Section U] we prove that when A satisfies some partial differential 
equation then we have a commutation coupling of two annulus SLE(k, A) processes. In Section 
[U we construct a coupling of two whole-plane SLE^ processes as the limit of the coupling in 
the previous section. In the last section, for some special values of k we derive some solutions 
of the partial differential equation for A given in Section [H 
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2 Loewner Equations 



2.1 Hulls and Loewner chains 

Hulls and Loewner chains can be defined in any finitely connected plane domains (c.f. [M]). Here 
we only need these notation to be defined in simply or doubly connected domains. Throughout 
this paper, a simply connected domain is a plane domain that is conformally equivalent to a 
disc; and a doubly connected domain is a plane domain that is conformally equivalent to a 
non-degenerate annulus, so has finite modulus, which is denoted by mod(-). A relatively closed 
subset H oi a simply connected domain D is called a hull D if D\H is also simply connected. 
Moreover, if zq G D\H, then we say that H is a hull in D w.r.t. zq. If D is a doubly connected 
domain, and C2 is a boundary component, a relatively closed subset H of D is called a hull of 
D w.r.t C2 ii D \ H is a doubly connected domain that contains a neighborhood of C2 in D. 
In this case, C2 is also a boundary component of D\H. 

If is a hull in a simply connected domain D w.r.t. zq £ D, then from Riemann mapping 
theorem, there is g that maps D \ H conformally onto D, and fixes zq. Such g is not unique, 
but |5'(2;o)| is determined by H. Then ln(|<^'(2:o)|) is called the capacity of H in D w.r.t zq, and 
is denoted by cap£).^^{H). If is a hull in doubly connected domain D, then D \ H is also a 
doubly connected domain. The difference of these two moduli, i.e., mod(Z)) — mod(L> \ H), is 
called the capacity of H in D, and is denoted by capjj(H). In either of these two cases, the 
capacity of H is always > 0, and the equality holds iff = 0; and if Hi ^ H2 are two hulls 
then the capacity of Hi is strictly less than the capacity of H2- 

Let D = {z G C : l^l < 1} and T = {z £ C : \z\ = 1}. So D is a simply connected domain, 
G D, and T = dO. For p > 0, let Ap = {z G C : e'P < \z\ < 1} and Tp = {z e C : \z\ = e'P}. 
Then Ap is a doubly connected domain, Tp and T are two boundary components of Ap, and 
mod(Ap) = p. The following proposition relates the two different kinds of capacities. 

Proposition 2.1 Suppose zq €zT, I is an open arc on T containing zq, and 0, is a neighborhood 
of I in D, j = 1,2. Let W be a conformal map from 0, into D, such that if z ^ I in Vl, then 
W{z) T. From Schwarz reflection principle, W extends conformally across I, and maps I 
into T. Especially, W is analytic at zq. For any p,pi,P2 > 0, we have 

capA {W{H)) 

lim ^^''^ = \W'{zo)\^. (2.1) 

H^o capo-oiH) 

capA {W{H)) 

lim ^^'--^ '' =\W'{zo)f. (2.2) 
H-.0 capAp^ [H) 

Here — > means that H is a nonempty hull in D w.r.t. 0, and diam(/7 U {0}) — > 0. 
Proof. is Lemma 2.1 in l22j, and ([221) follows easily from ([23]). □ 

A Loewner chain in a simply or doubly connected domain D is a family of hulls in D, say 
(L(t),0 <t<T), where T G (0,oo], such that (i) L(0) = 0; (ii) L{ti) g ^(ta) if ti < t2; and 
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(iii) for any fixed to £ [0,T) and any fixed compact set F C D \ L{tQ) with diam(F) > 0, the 
extremal length (c.f. [Ij) of the family of curves in D\ L{t) that disconnect L{t + e) \ L{t) from 
F tends to as e ^ 0"*", uniformly in t G [0,to]- Moreover, if is a simply connected domain, 
and each L(t) is a hull in D w.r.t. zq E D, then {L{t)) is called a Loewner chain in D w.r.t. zq; 
if D is a doubly connected domain with a boundary component C2, and each L{t) is a hull in 
D w.r.t. C2, then {L{t)) is called a Loewner chain in D w.r.t. C2. Using conformal invariance 
of extremal length, one can easily see that Loewner chains are also conformally invariant. The 
idea of the definition of Loewner chain first appeared in [T3] . 

Let -D be the Riemann sphere C or a simply connected domain. An interior hull in D is 
a compact subset of D, say H, such that diam(/f) > and D \ H \s connected. If D = C, 
then D \ H is simply connected; if D is simply connected, then D \ H is doubly connected, 
and dD is a boundary component D \ H. Let zq S D. An interior Loewner chain in D 
started from zq is a family of interior hulls in D, say {L{t), —00 < t < T), where T £ (—00, cxd], 
such that (i) L{ti) ^ ^(^2) if < ^2; (ii) r\t<T ^(^) ~ {-^0}; and (iii) for any to ^ (— oo,r), 
(L(to + ^) \ L{to), < t < T — to) is a Loewner chain in D\ L(to)- 

2.2 Radial Loewner equation 

For a real interval /, we use C{I) to denote the space of real continuous functions on /. For 
T G (0,00] and ^ E C([0,T)), the radial Loewner equation driven by ^ is 

git,z)=g{t,z) g{0,z) = z. (2.3) 

Here we use the dot to denote the partial derivative w.r.t. the first variable: t. For < t < T, 
let K(t) be the set of z £ D such that the solution g{s,z) blows up before or at time t. We 
call K{t) and g{t, •), < t < T, radial Loewner hulls and maps, respectively, driven by ^. The 
following proposition is the main theorem in |13j . 

Proposition 2.2 Suppose K{t) and g{t,-), < t < T, are radial Loewner hulls and maps, 
respectively, driven hy ^ £ C([0, T)). Then {K{t),0 < t < T) is a Loewner chain in D w.r.t. 0. 
For every t £ [0, T), g{t, •) maps D \ K{t) conformally onto D with g{t, 0) = and g'(t, 0) = e*, 
so capp.o(^(t)) = t. Moreover, for every t £ [0,T), 

{e'^^'^}= n 9{t,K{t + e)\K{t)). 

ee{0,T-t) 



Let e* denote the map z e^^. Then e* is a covering map from H onto D \ {0}, and from 
onto T. For ^ £ C([0,T)), the covering radial Loewner equation driven by ^ is 

t{t,z)=cot2{g{t,z)-m), 9{0,z) = z. (2.4) 
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Here 0012(2) := cot(z/2). For < t < T, let K{t) be the set of z G H such that the solution 
g{s, z) blows up before or at time t. We call K{t) and g{t, •), < t < T, covering radial Loewner 
hulls and maps, respectively, driven by ^. Let K{t) and g{t, •) be as in the last paragraph, then 
we have K(t) = {e^)~^{K(t)) and og(t, •) = g{t, •) o for < t < T. Throughout this paper, 
we will use tilde to denote the covering Loewner maps or hulls. 

Let B{t), < t < cxD, be a (standard) Brownian motion, i.e., B{0) = and E[5(l)^] = 1. 
Let K > 0. Then the radial Loewner hulls K{t), < t < 00, driven by ^(t) = y/K,B{t), 
< t < 00, are called the standard radial SLE^ hulls. Let g{t, •) be the corresponding radial 
Loewner maps. From the existence of chordal SLE^ trace (|15j) and the equivalence between 
chordal SLE^ and radial SLE^ ([9]) we know that almost surely 



(5{t)-= lim^^ o(t, 



exists for every < t < 00, and f3{t), < t < 00, is a continuous curve in D such that /3(0) = 1 
and limt_>oo /3(t) = a.s.. Moreover, if k G (0,4] then /3 is a simple curve, which intersects T 
only at the initial point, which is e*^*-''-* = 1, and K{t) = /3((0,t]); if k > 4 then /? is not simple, 
and K{t) is such that D\K{t) is the connected component of D\/3((0, t]) that contains 0. Such 
P is called a standard radial SLE^ trace. 

The radial SLE in general simply connected domains are defined by conformal maps. Sup- 
pose D is a simply connected domain, a is a boundary point or prime end, and b is an interior 
point. Then there is W that maps D conformally onto D such that VF(1) = a and VF(0) = b. 
Let K{t) and P{t), < t < 00, be the standard radial SLE^ hulls and trace. Then W{K{t)) 
and W{P{t)), < t < 00, are called the radial SLE^ hulls and trace in D from a to b. 

2.3 Whole-plane Loewner equation 

The whole-plane Loewner equation generates some interior Loewner chain in C started from 0. 
The following proposition is a special case of Proposition 4.21 in [7]. 

Proposition 2.3 Suppose ^ G C((— oo,T)) for some T £ (— oo,cxd]. Then there is an interior 
Loewner chain Kj{t), —00 < t < T, in C started from 0, and a family of maps gi{t, ■), —00 < 
t < T, such that, for each t G (— oo,T), gi{t, •) maps C \ Kj{t) conformally onto C \ D, fixes 
00, and satisfies 

gi{t, z) = gi{t, z)--j^. — — ; (2.5) 

e**W - gj{^t,Z) 

lim e^gi{t,z) = z, zgC\{0}. (2.6) 

t— >— 00 

Moreover, for any t G (— oo,T), Kj(t) and gi{t,-) are determined by e'^^*\ —00 < s < t. We 
call Kj{t) and gi{t, ■), —00 < t < T, the whole-plane Loewner hulls and maps driven by ^. 

The whole-plane SLE is defined by choosing the driving function ^(t) such that e'^'-*-', — cxd < 
t < 00, is a Brownian motion on T started from uniform distribution. The construction is as 
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follows. Fix K > 0. Let B^{t) and -B_(t), t > 0, be two independent Brownian motions. Let x 
be a random variable, which is uniformly distributed on [0, 2tt), and is independent of 
and Let B^'^\t) = x + ^/K5sign(t) ( N ) for t G M. Then B^'^\t) satisfies the property 

that for any fixed T G M, B^'^\T + t) - B^'^\T), t > 0, has the same distribution as ^/KB{t), 
t > 0, and is independent of e\B^'^\t)), — oo < t <T. The whole-plane Loewner hulls, Ki{t), 
— oo < t < oo, driven by ^{t) = B^'^\t), are called the standard whole-plane SLE^; hulls. Let 
gi{t,-) be the corresponding whole-plane Loewner maps. Recall that gi{t,-) maps C \ Kjit) 
conformally onto {\z\ > 1}. It is known that a.s. 

m--=, , lim gi{t,r\z) (2.7) 

exists for all t G M, and Pi{t), i G M, is a continuous curve in C, and satisfies limt_>_oo Piit) = 
and limt^oo /3i(t) = oo. Such /3i is called the standard whole-plane SLE^ trace. If «; < 4, /3/ is 
a simple curve, and Ki{t) = oo,t]) for each t G M; if «: > 4, /?/ is not simple, and C\Ki{t) 
is the component of C \ /?/([— cxd, t]) that contains oo. Whole-plane SLE is related to radial SLE 
in the way that, if T G M is fixed, then conditioned on Ki{t), — oo < t <T, the curve Pi{T + t), 
t > 0, is the radial SLE«, trace in C \ Ki{T) from f3i{T) to oo. 

The standard whole-plane SLE^ process is self conformally invariant. This means that if /?/ 
is a standard whole-plane SLE^ trace, and W maps C conformally onto itself, and fixes and 
oo (so W is of the form z Cz with C G C \ {0}), then (W{Pi{t))) has the same distribution 
as {Pi{t)) with a possible time-change. This is also true if is a conjugate conformal map. 
If zi ^ Z2 & C are given, we may choose some W that maps C conformally or conjugate 
conformally onto itself such that VF(0) = zi and W{oo) = Z2- Then we define W{[3i{t)), t G M, 
to be the whole-plane SLE^; trace in C from any zi to Z2- The definition up to a time-change 
does not depend on the choice of W . 

In the above content, we use subscripts / to emphasize that the whole-plane interior Loewner 
chain grows from 0. We will need the following inverted whole-plane Loewner chain, which 
grows from oo. Let Iq{z) = 1/z. Then Iq is a conjugate conformal map from C onto itself, 
exchanges and oo, and maps C \ D onto B. For — oo < t < T, let K(t) = Io{Ki{t)) and 
g{t, ■) = loo gj(t, •) o Iq. Then K{t), — oo < t < T, is an interior Loewner chain in C started 
from oo. For each t, g{t, •) maps C \ K{t) conformally onto B, and fixes 0. Moreover, g{t, •) 
satisfies 

g{t,z)=git,z) -oo<t<T. (2.8) 

We call K{t) and g{t, •) the inverted whole-plane Loewner hulls and maps driven by ^. 

Lemma 2.1 For any t G (-oo,r) and e G (0,r - t), let Kt{e) = g{K{t + e)\ K{t)). Then 
Kf{e) is a hull in B w.r.t. 0, and cap-g,.Q{Kf{e)) = e. Moreover, 

{e^«W}= n n g{t,K{t + e)\K{t)). 

£&{0,T-t) e&{0,T-t) 
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Proof. Fix t G (-cx),r). For < e < T - t, let gt{£, ■)= g{t + e, ■) o g{t, . Thengi(e,-) 
maps D \ Kt{£) conformally onto D, gt{0, ■) = id, and from (j2.8p . it satisfies 

a e^€(t+^) +ffi(g,z) 

— =gt{e,z) -. 

oe e*^'-*+^-' — gt{£, z) 

Thus, Kt{e) and gt{£, ■), < e < T — t, are radial Loewner hulls and maps, respectively, driven 
by ^i(e) ■= ^(^t + e), < £ < T - t. From Proposition [221 -ftrt(e) is a hull in D w.r.t. 0, 
capjj.Q (i^t(e)) = e, and 

{e^?W} = {e^6(0)}= n 5t(0,Kt(e)\ift(0))= H ° 

ee(0,T-t) £6(0,T-t) 

The covering whole-plane Loewner equation is defined as follows. Let ^ G C((— oo,T)) for 
some T € (— oo, oo]. Let Ki{t) and •), — cxd < t < T, be the whole-plane Loewner hulls and 
maps driven by ^. Let Ki{t) = {e^)~'^{Ki{t)), —oo < t < T. Suppose gj{t,-), — oo < t < T, 
satisfy that for each t, gi{t, •) maps C \ Kj(t) conformally onto — H, e* o gi{t, •) = gi{t, •) o e*, 
and the following differential equation holds: 

ti{t,z) =cot2{gi{t,z)-m); (2.9) 
lim {gi{t,z) - it) = z. (2.10) 

t—*—oo 

Then we call Ki{t) and gi{t, •) the covering whole-plane Loewner hulls and maps driven by ^. 
Such family of gi{t,-) exists and is unique. In fact, for each t G (— oo,r), we can find some 
gi{t, •) that maps C\Ki{t) conformally onto — HI such that e^ogj^t, •) = gi{t, •)oe*. Such •) 
is not unique. Since gi{t, •) is differentiable in t, so one may choose gi{t, •) such that it is also 
differentiable in t. From ()2.5[) we conclude that ()2.9p must hold. From ()2.6p we conclude that 
limt^-ooigiit, z) — it) = z + i2mr for some n G Z, and such n is the same for every z. Now 
we replace gi{t, ■) hy gi{t, ■) — i2mr. Then ()2.9p and (12.101) still hold. So we have the existence 
of gi{t, ■). The uniqueness follows from the same argument. Moreover, we see that for any 
t G (— cxD,T), gi{t, ■) is determined by e*^^'^^ —oo < s < t. 

Let Io{z) = z. Then Iq is a conjugate conformal map from C onto itself, maps — IHI onto 
H, and satisfies e* o /q = Iq o e*. Let g(t, ■) = Iq o gj{t, ■) o Iq and K{t) = lQ{Ki{t)). Then 
K{t) = {e^)~^{K{t)) and e* o g{t, ■) = g{t, ■) o e\ We cah K{t) and g{t, ■) the inverted covering 
whole-plane Loewner hulls and maps driven by ^. Moreover, we have 

^{t,z)=cot2igit,z)-m)- (2.11) 
2.4 Annulus Loewner equation 

Annulus Loewner equation is introduced in [22]. For p > 0, define 



M 



s(p,z)= lim y ^ =p.v. y — 



z 

k=—M n even 
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H(p,z) = -zS(p,e^(z)) = -zP.V. Y: (2-12) 

71 even 

Then H(p, •) is a meromorphic function in C, whose poles are {2m7r + i2k-p : m,k Z}, which 
are all simple poles with residue 2. Moreover, H(p, •) is an odd function; takes real values on 
M\ {poles}; ImH(p, •) = -1 on ip + M.; H(p,z + 27r) = U{p,z) and ll{p,z + i2p) = H(p,z) -2i 
for any z € C \ {poles}. It is possible to explicit this kernel using classical functions in 

H(p,z) = 2C(z) - -C(^)z = — ^ , 

where ^ is the Weierstrass zeta function with basic periods (27r,i2p), and 6 = 6{l',t) is the 
Jacobi's theta function. 

The power series expansion of H(p, •) near is 

U{p,z) = ^ + rip)z + 0{z^), (2.13) 

where 

oo 

r(p) = ^sinh(/cp)"^ - -. 
k=l 

As p ^ oo, S{p,z) H(p, z) cot2(-z), and r{p) — > —1/6. So we write S(oo,z) = 

H(oo,2;) = cot2(2:), and r(oo) = —1/6. Then r is continuous on (0, oo], and (|2.13p still holds 
even if p = oo. In fact, we have r{p) — r(oo) = 0(e~P) as p — >■ oo, so we may define R on (0, oo] 
such that 

poo 

Kip) = - (r(t) - r{oo))dt. (2.14) 
Jp 

Then R is continuous on (0, oo], R(p) = 0(e^^) as p ^ oo, and R'(p) = r{p) — r(oo). 

Fix p G (0,oo). Let G C([0, T)) where < T < p. The annulus Loewner equation of 
modulus p driven by ^ is 

g{t,z)=g{t,z)S{p-t,g{t,z)/e'^^'^), g{0,z)=z. (2.15) 

For < t < T, let K(t) denote the set of z G Ap such that the solution g{s, z) blows up before 
or at time t. We call K[t) and g{t,-), < t < T, the annulus Loewner hulls and maps of 
modulus p driven by S,. The following proposition is Proposition 2.1 in [22]. 

Proposition 2.4 (i) Suppose K{t) and g{t, ■), < t < T , are annulus Loewner hulls and maps 
of modulus p driven by ^ ^ C([0,r)). Then {K{t),0 < t < T) is a Loewner chain in Ap w.r.t. 
Tp. For every t G [0, T), g{t, ■) maps Ap \ K(t) conformally onto Ap_i, and maps Tp onto Tp_t, 
so cap^^{K(t)) = t. Moreover, we have 

{e*«(*)}= n git,K{t + e)\K{t)), te[0,T). 

ee(0,T-i) 
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(ii) Let {K{t),0 < t < T) be a Loewner chain in Ap w.r.t. Tp. Let v{t) = cap^^{K{t)), 
< t < T . Then v is a continuous increasing function that maps [0,T) onto [0,S) for some 
S G {0,p\. Let L{s) = K{v~^{s)), < s < S. Then L{s), < s < 5, are annulus Loewner 
hulls of modulus p driven by some ( £ C{[0, S)). 

Let t G [0, T) and e £ [0,T — e). Let gt^e = g{t + e,-) o g{t,-)~^. Then g'j^^ maps Ap_t \ 
g{t, K{t+e)\K{t)) conformally onto Ap^t-e, and maps Tp^t onto Tp^t-e, so g{t, K{t+e)\K{t)) 
is a hull in Ap_t w.r.t. Tp_t, and 

capA,_, {9{t, K{t + e) \ K{t))) = e. (2.16) 

The covering annulus Loewner equation of modulus p driven by the above ^ is 

'g{t,z)=\l{p-t,g{t,z)-m). m,z)=z. (2.17) 

Let Sp = {2: S C : < Im z < p} and Mp = ip + R. Then e* is a covering map from Sp onto Ap, 
and from Mp onto Tp. For < t < T, let K(t) denote the set of z £ Sp such that the solution 
g{s,z) blows up before or at time t. Then for < t < T, g(t, ■) maps Sp \ K(t) conformally 
onto Sp-t, and maps Mp onto Mp_t. We call K{t) and g{t, •), < t < T, the covering annulus 
Loewner hulls and maps of modulus p driven by Let K(t) and g{t, •) be as before. Then we 
have K{t) = {e')-^{K{t)) and e' o g{t, •) = g{t, •) o for < t < T. 

Note that if p = 00 in (I2.15P and (I2.17P , then we get (12. 3p and (j2.4p . So we may view the 
radial Loewner equation as a limit of annulus Loewner equations as the modulus p — > 00. 

Let Si{p, z) = 1 + S{p, e^z) and H/(p, z) = —iSj{p, e*^) = —i + H(p, z — ip). It is easy to 
checki 

Sj{p,z) = F.V.J2-^^, H,(p,z) = -zP.V. 5:-;^. (2.18) 

n odd n odd 

So H/(p, •) is a meromorphic function in C with poles {2rmT + i{2k -\- l)p : m, k £ Z}, which 
are all simple poles with residue 2; H/(p, •) is an odd function; takes real values on M; and 
H/(p, z + 27r) = H/(p, z), H/(p, z + i2p) = H/(p, z) — 2i for any z £ C \ {poles}. 

Let Ip{z) := e~P/z and /p(z) = ip + z. Then Ip and /p are conjugate conformal automor- 
phisms of Ap and Sp, respectively. Moreover, Ip exchanges Tp and T, Ip exchanges Mp and M, 
and Ip oel=e'o Ip. Let Kj{t) = Ip{K{t)), gi{t, •) = Ip-t o g{t, •) o Ip, Kj{t, ) = Ip{K{t)), and 
^/(i, •) = Ip-t°g{t, ')°Ip- Then Kj{t) is a hull in Ap w.r.t. T; gi{t, •) maps Ap\Ki{t) conformally 
onto Ap_f , and maps T onto T; so cap^^{Ki{t)) = t. We have that Ki{t) = (e*)~"^(-fC/(t)), gi{t, •) 

maps E>p\K[{t) conformally onto Sp-t, and maps M onto M, and satisfies e'^og[{t, •) = gi{t, •)oe*. 
Moreover, gi{t, •) and gi{t, •) satisfy the following equations: 

gi{t, z) = g{t, z)Si{p - t, gi{t, z)/e'^'-'^), g{0,z) = z; 

^j{t,z)=-lli{p-t,gi{t,z)-m), 9{0,z)=z. (2.19) 
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We call Kj{t) and gi{t, •) (resp. Kj{t) and gi{t, •)) the inverted annulus (resp. inverted covering 
annulus) Loewner hulls and maps of modulus p driven by 

From (12^51) . we see that if ^ e C{[0,T)) satisfies e*^^ = e*«(*) for < t < T, then the 
annulus Loewner maps and hulls of modulus p driven by ^ agree with those driven by ^. This 
is also true for covering annulus Loewner maps and hulls because the H in (j2.17p has period 27r 
in the second variable. From the definitions, similar results hold ture for inverted and inverted 
covering annulus Loewner objects. 

Let B{t) be a Brownian motion, and n > 0. Then the annulus Loewner hulls K{t), < t < p, 
of modulus p driven by ^(i) = ^/KB{t), < t < p, are called the standard annulus SLE^ hulls of 
modulus p. Let g{t, •) be the corresponding annulus Loewner maps. It is known (c.f. [22j) that 
the standard annulus SLE^ process is loccilly cquivajlcnt to the standarci radio-l SLE/^ process. 
So a.s. 

P{t):= lim g{t,-rHz) (2.20) 

exists for < t < p, and P{t), < t < p, is a continuous curve in Ap U T. If k G (0, 4], /3 is a 
simple curve, which intersects T only at /3(0) = 1, and K{t) = /3((0,t]); if k > 4, then /? is not 
simple, and Ap \ K{t) is the connected component of Ap \ /3((0, t]) that contains a neighborhood 
of Tp. We call such (3 the standard annulus SLE^ trace of modulus p. 

2.5 Disc Loewner equation 

The disc Loewner equation generates some interior Loewner chain in the unit disc D started 
from 0. The following proposition is a slight modification of some propositions in [22j. 

Proposition 2.5 (i) Let ^ G C((— oo,T)) for some T G (— cx),0]. Then there is an interior 
Loewner chain Kj{t), —oo < t <T , in D started from 0, and a family of maps gi(t, ■), —oo < 
t < T, — oo < t < T, such that for each — oo < t < T, gi{t, •) maps D \ K{t) conformally onto 
A_t (so mod(D \ K{t)) = —t), maps T onto T, and satisfies 

giit,z)=gi{t,z)Si{-t,giit,z)/e'^^'^), -oo < t < T; (2.21) 

lim gi{t,z) = z, VzGD\{0}. (2.22) 

»— oo 

Moreover, for any t G (— oo,T), Kj{t) and gi{t,-) are determined by e^^^^\ — oo < s <t. We 
call Ki{t) and gi{t, ■), — oo < t < T, the disc Loewner hulls and maps driven by ^. 

(a) Suppose Ki{t), — oo < t < T, is an interior Loewner chain in D started from 0. Let v{t) = 
— m.o(l{p \ K [t)) . Then v is continuous and increasing on (— oo,T), and maps (— oo,T) onto 
{—oo,S) for some 5 G M. Let Lj{s) = Kj{v~^{s)), —oo < s < S. Then Li{s), — oo < s < S, 
are the disc Loewner hulls driven by some ( G C((— oo,S)). 

Proof, (i) Apply Proposition 4.1 in [22] to x{t) = e~*?W, -oo < t < T. Then we have an 
interior Loewner chain K-(t), — oo < t < T, in D started from 0, and a family of maps g-{t, •), 
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—oo < t < T, such that each g-{t, •) maps D \ K^{t) conformally onto A_t, maps T onto T„j, 
and satisfies 

= <?-(t,^)S(-t,5^(t,z)/e-^«W), -oo<t<r; (2.23) 
llm e^/g^{t,z) = z, Vz G D \ {0}. (2.24) 

t— > — oo 

Recall that Io{z) = z and I-t{z) = e^/z. Let Ki{t) = Io{K-{t)) and gi{t, •) = /-< o g-{t, •) o /q. 
Then (Kj{t), — oo < t < T) is also an interior Loewner chain in D started from 0, and gi{t, •) 
maps D \ Ki{t) conformally onto A_4, and maps T onto T. Now ()2.2ip and (12.220 follow from 
(j2.23p and (j2.24p . respectively. From Proposition 4.1 in [22], Ki{t) and gi(t,-) are determined 
by x{s) = l/e^^^^\ — oo < s < t, so are determined by e*^^*\ — oo < s <t. So we have (i). Now 
(ii) follows from Proposition 4.2 in [22] and the argument in the proof of (i). □ 

Here we also use subscripts / to emphasize that the disc interior Loewner chain grows from 0. 
We will need the following inverted disc Loewner chain, which grows from oo. For — oo < t < T, 
let K{t) = lQ{Kj{t)) and g{t,-) = I-t ° g{tr) ° -^o- Then K{t), — oo < t < T, is an interior 
Loewner chain in C \ D started from oo. For each t, g{t,-) maps C\0\K{t) conformally onto 
A-t, and maps T onto T_f . Moreover, g{t, •) satisfies 

g{t,z)=git,z)S{-t,g{t,z)/e'^^'^), -oo <t<T. (2.25) 

We call K{t) and g{t, •), — oo < t < T, the inverted disc Loewner hulls and maps driven by ^. 

Lemma 2.2 For any t £ {-oo,T) and e £ {0,T - t), let Kt{e) = g{t,K{t + e) \ K{t)). Then 
Kt{e) is a hull in A^t w.r.t. T_t, and cap^_^ (i^^ (e) ) = e. Moreover, 

{e^«W}= KAe)= g{t,K{t + e)\K{t)). 

ee(0,T-t) ee(0,T-t) 



Proof. Fix t E (-oo,r). For < e < T - t, let gt{e, ■) = g{t + e, •) ° £/(*, 'T^ ■ Then gt{e, ■) 
maps A_t \ Kt{e) conformally onto A_t_e, 54(0, •) = id, and from (j2.25p . it satisfies 

^^gt{e, z) = gt{e, z)S{-t - e, gt{e, z)/e^«(*+-)). 

Thus, Kt{e) and gt{£, ■), < £ < T — t, are annulus Loewner hulls and maps of modulus —t, 
respectively, driven by .^t(e) := ^(t + e), < e < T — t. From Proposition 12.41 Kt{e) is a hull in 
A-t w.r.t. T-t, cap^_^{Kt{e)) = e, and we have 

{e^?W} = {e'«*W}= f] gtiO,Ktie)\Ktm= f] ° 

ee(0,T-t) ee(0,T-t) 
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The covering disc Loewner hulls and maps are defined as follows. Let Kj{t) = {e^)''^{Kj{t)), 
— oo < t < T. Suppose gi{t, •), — oo < t < T, satisfy that, for each t, gi{t, •) maps IHI \ Ki{t) 
conformally onto S_i, and maps M onto M, e* o gj{t, •) = gi{t, •) o e*, and the followings hold: 

^i{t, z) = HK-t, gi{t, z) - i(t))- (2.26) 

lim gi(t,z) = z. (2.27) 

t— »— oo 

Such family ofgi{t, •) exists and is unique. This follows from the same argument used to show 
the existence and uniqueness of covering whole-plane Loewner maps. Moreover, we see that for 
any t S (— oo,T), gi{t, •) is determined by e*^(*^, — oo < s < t. We call Ki{t) and gi{t, •) the 
covering disc Loewner hulls and maps driven by ^. 

Let K{t) = /o(K/(t)) and g{t, •) = I-t°'gi{t-, •)°Io- Then g{t, •) maps —M\K{t) conformally 
onto S-ti and maps M onto M_t, e* o g(t, •) = g{t, •) o e*, and satisfies 

t{t,z)=Il{-t,g{t,z)-m)- 
We call K{t) and g{t) the inverted covering disc Loewner hulls and maps driven by ^. 

2.6 Some estimations 

Lemma 2.3 If p > \lmz\ + ln(4), then \Hi{p,z)\ < gel^^^l^P. For any h £ N, if p > 
|Imz|+/i+ln(4), then\H.^j''\p,z)\ < 25Vhe^'^'^^^-P , whereH.f\p, z) is the h-th partial derivative 
ofHj about the second variable: z. 

Proof. From ()2.18p . we have 

lli(p,z) = —y( - + -] = — — — . (2.28) 

^ 2z^Ve"P-e*^ e-'^P-e*^/ ^ cosh(nB) - cos(z) ^ ^ 

raodd nodd 

It is known that | sin(2;)|, | cos(2:)| < e'^™^'. If p > | Imz| + ln(4), then for any n £ Z \ {0}, 
cosh(np) > el"IP/2 >eP/2> 2eli'^^l, which implies that 

I cosh(np) — cos(2;)| > cosh(np) — | cos(2;)| > cosh(np) — e'^™^' > cosh(np)/2 > e'"'^/4. 

So from ()2.28p we have 

4 llm^l 4g|Im2| g llm^l-p 

nodd k=0 

where the last inequality follows from e~'^P < 6"^^°^^-' = 1/16. 

Now suppose h £ N and p > \ lmz\ + h + ln(4). Then for any w € C with — z| = h, 
we have p > \ lmw\ + ln(4), so |H/(p,u))| < Qe^^^'^\~P < 9e'*el ^™^I~p. Prom Cauchy's integral 
formula and Stirling's formula, we have 

\ilf\p,z)\ < g^gl^'^^l-^' < 9V2^ei/(i2h)g|im.hp ^ 25Vhe\''^'\~P . □ 
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Lemma 2.4 There are positive continuous functions Nl{p) and Ns{p) defined on (0,oo) that 
satisfies Nl{p), Ns{p) = 0{pe~'P) as p ^ oo and the following properties. Suppose K is an 
interior hull in D containing 0, g maps D \ X conformally onto Ap for some p G {0,oo), and 
maps T onto T, and g is differentiahle, and satisfies e^ og = g o e^ on M. Then for any x E M, 
|ln(^'(x))| < Nl{p) and \S'g{x)\ < Ns{p), where Sg{x) is the Schwarzian derivative ofg at x, 
i.e., Sg{x)=r{x)/g'{x) - l{g" {x) /g' {x)f . 

Proof. Let P{p,z) = — ReS/(p, z) — ln|z|/p and P{p,z) = e*^) = ImH/(p, z) +lmz/p. 
Then P{p, •) vanishes on T and Tp \ {e~^}, and is harmonic inside Ap. Moreover, when z € Ap 
IS near e -P, P{p,z) behaves Uke -Re(^^) + 0(1). Thus, P{p,-) is a renormahzed Poisson 
kernel in Ap with the pole at e~^. Since In \g^^\ is negative and harmonic in Ap, and vanishes 
on T, so there is a positive measure fix supported by [0, 2tt) such that for any z £ Ap, 

ln\g-\z)\=- I Pip,z/e'^)di^KiO- 
Since og = g o e"^ , so Im^r^-*^ = — In l^^-*^ o e*|. Thus, for any z £ Sp, 

lmg-Hz)= I P{p,e'ye'^)dfiK{0= J P{p, z - OdfixiO- 
So for any x G M and h = 1,2, 3, 

{r'Y'K-) = I oJ^yP(p^^-Od^.^<(^)- (2-29) 

Let 

d ~ d ~ ~ 

mp= inf Mp = sup M W = sup | P{p,x)\, h = 2,3. 

xmdy xmdy ^ xm dx dy 

Since P{p, •) is positive in Sp, vanishes on M, and has period 27r, so < nip < Mp < oo. So 
from p.29p . for any x S M, mp\fiK\ < (d^^Yix) ^ Mplfi^l- Since g~^ maps T onto T, so 
5^-1 (27r) = ^-^0) + 2tt. Thus, 

f27r 



/■ZTT 

2tt = g~^{x)dx £ [27rmp\fj,K\,2TrMp\fiK\]- 
Jo 



So we have 1/Mp < Ifixl ^ l/rup. Thus, for any x G M, nip/Mp < {g ^)'(x) < Mp/nip and 
\{g-'^)^^\x)\ < Mi^'^/mp, h = 2,3. So we have 



1^5" 



i( . ir')^'\x) 3^ (g-')^'\xU 
^ ^' (g~^nx) 2 \ (g-^Y(x) J 



(g-'Yix) 2 \ ir^Yix) 



M^^^Mp 3fMli^^Mp\2 



rUp 2 V nip 
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Since g maps M onto M, so for any a; G M, nip/Mp < g'{x) < Mp/nip, and 



\Sg{x) 



2 



{9-')'{9{x)y 

Let Nl{p) = HMp/mp) > and Ns{p) = + 3 (<j^pp\ then |ln(5'(x))| < iV^Cp) 

and [^^(x)! < Ns{p) for any x G M. Since P{p,z) = ImH/(p,z) +Imz/p, so -^P{p,x) = 
H'jip, x) + I and ^J^P{p, x) = {p, x),h = 2,3. From LemmaES Mp, mp = \^ O(e-P) 
and Uf^ = 0{e-P), h = 2,3, as p ^ oo. So NL{p),Nsip) = 0{pe~P) asp^oo. □ 

3 SLE with Marked Points 

3.1 Annulus SLE processes with one marked point 

Definition 3.1 A crossing annulus drift function is a real valued continuous function defined 
on (0, oo) X M which has period 27r and is continuously differentiable in the second variable. A 
chordal-type annulus drift function is a real valued continuous function defined on (0,oo) x (M\ 
{2n7r : n € N}) which has period 2tt and is continuously differentiable in the second variable. 
If K is a crossing or chordal-type annulus drift function, and Aj{p,x) = —A(p,—x), then Aj is 
called the dual function of A. If Aj = A, then A is called symmetric. 

Suppose A is a crossing annulus drift function. Let k > and p > 0, a £ T and b € Tp. 
Choose XQ,yQ £ M such that a = e*^° and b = 6"^"*"*^°. Let B{t) be a Brownian motion. Let 
f{t) and q{t), < t < p, he the solution to the following system of ODEs: 

f'it) = A{p-t,f{t) + ^B{t)-q{t)), f{0) = xo; . . 

q'it)=Ujip-t,qit)-f{t)-^Bit)), 9(0)= yo. ^ ' 

From the condition of A, the solution exists uniquely, and is adapted w.r.t. the filtration gen- 
erated by B{t). Let ^{t) = f{t) + y/KB{t), < t < p. Let gj{t, ■), < t < p, he the inverted 
covering annulus Loewner maps of modulus p driven by ^. From (|2.19p . we have g^(t, yo) = q{t) 
for < t < p. So C{t), 0<t<p, satisfies the SDE: 

dm = ^dB{t)+A{p-t,m-fiit,yo))dt, m=xo- (3.2) 

Definition 3.2 Let K{t), < t < p, be the annulus Loenwer hulls and trace of modulus p 
driven by the above Then we call K(t), <t < p, the (crossing) annulus SLE{k,A) process 
in Ap started from a with marked point b. 

We will see that the above definition does not depend on the choices of xq and yo. Suppose 
we have another pair (xq, yo) such that a = e*^° and b = e~^~^^y° . Then there are m,n £ Z such 
that xq—xq = 2rmT and yo — 2/0 = 2mT. Let f{t) = f{t)+2m'K and q{t) = q{t)+2mT. Since A and 



15 



H/ have period 2tt in the second variable, so f{t) and q{t) solve (j3.ip with xq and yo replaced 
by xq and respectively. Then we get the driving function ^(t) = f{t) + y/llB{t) = ^(t) + 2mr. 

Then generates the same annulus Loewner process as ^ since e*^^*-* = e*^*-*^. 

Now suppose A is a chordal-type annulus drift function. Let k > 0, p > 0, and a,b £ T. 
Choose XQ,yQ G M such that a = e*^o and b = e*^o. Let B(t) be a Brownian motion. Let f{t) 
and q{t), < t < T, he the solution to the following system of ODEs: 

r f'{t) = Aip-tJ{t) + V^B{t)-qit)), /(0) = xo; 
\ = U{p - t, q{t) - fit) - V^Bit)), qiO) = yo- 

Suppose T £ (0,p] is such that [0,T) is the maximal interval of the solution. Let ^(t) = 
f{t) + y/KB{t), <t <T. Let g^{t, ■), <t <p, be the covering annulus Loewner maps of 
modulus p driven by From (j2.17p . we have g^t,yQ) = q{t) for < i < T. So ^(t), 0<t<T, 
satisfies the SDE: 

d^{t) = ^dB{t) + A{p - t, - gHt, yo))dt, m = xo- 

Definition 3.3 Let K{t), < t < T, be the annulus Loenwer hulls and trace of modulus p 
driven by the above ^. Then we call K{t), < t < T, the (chordal-type) annulus SLE(k,A) 
process in Ap started from a with marked point b. 

For the same reason as before, the definition of the above chordal-type SLE(fi:, A) process 
does not depend on the choices of xq and yo- 

In Definition 13.21 and Definition 13.31 since ^ a semi-martingale with {^)t = nt, so from the 
existence of annulus SLE^ trace and Girsanov Theorem, /3(f) defined by ()2.20p a.s. exists for 
0<t<porO<t<T, and has properties similar to the standard annulus SLE^ trace. We 
call such /3 the annulus SLE(k, A) trace in Ap started from a with marked point b. 

The crossing or chordal-type annulus SLE(k, A) process is self conformally invariant. This 
means that if (3 is an annulus SLE(k, A) trace in Ap started from a with marked point b, and 
W maps Ap conformally onto itself and fixes T, then W{(3) is an annulus SLE(k, A) trace in Ap 
started from W{a) with marked point W{b). If this 1^ is a conjugate conformal map, and A/ 
is the dual function of A, then W{f3) is an annulus SLE(k, Aj) trace in Ap started from W{a) 
with marked point W{b). So if A is symmetric, then the annulus SLE(k,A) process is also self 
conjugate conformally invariant. Via conformal maps, we can then define annulus SLE(k, A) 
process in any doubly connected domain started from one boundary point with another marked 
boundary point. Here A is a chordal-type or crossing annulus drift function depending on 
whether or not the initial point and marked point lie on the same boundary component. 

Lemma 3.1 Let ^ be as in Definition \3.2l Let Aj be the dual function of A. Then the inverted 
annulus Loenwer hulls of modulus p driven by ^ have the distribution as annulus SLE(k, Aj) 
hulls in Ap started from e^^a with marked point e^b. 

Proof. This follows from the fact that Lp(z) = e~^/z maps Ap conjugate conformally onto 
itself, maps (a, 6) to (e~^a, e^6), and maps K(t) onto Kj{t). □ 
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3.2 Disc SLE processes with one marked point 

Definition 3.4 Let n > 0, b £ T , and A be a crossing annulus drift function. Let A/ be the 
dual function of K. Choose uq £ M. such that e*^" = b. Suppose S,{t), —oo < t < 0, is a real 
valued continuous random process which satisfies that, for any to £ (— oo,0), 

Bt,{t):=^U{to + t)-C{to)- ['^ Aj{-s,C{s)-g'}{s,yo))ds), 0<t<-to, (3.3) 

^ Jto ' 

is a standard Brownian motion, and is independent of e^^^^\ —oo < t < tQ. Here g^{t, •) are the 
covering disc Loewner maps driven by ^. Then we call the disc Loewner hulls driven by ^ the 
standard disc SLE{k, A) hulls in D started from with marked point b. 

Remark. In fact, the conditions in Definition 13.41 are equivalent to that there exists some 
S £ (—00,0), such that for to G {—oo,S), Bt^ satisfies the condition in the definition. To see 
this, suppose the condition holds for any to G (— oo,5), and we we choose any ti G [5,0). We 
will show that Bt^(t), <t < —ti, is a Brownian motion independent of e*^^*-*, — oo < t < ti. 
Choose any to £ (—00,5"). From the assumption, -Bto(t), < t < —to, is a Brownian motion 
independent of e'?(*), -oo < t < to- Note that Bt^{t) = Bt^iti - to + t) - 5t„(ti - to). So 
Bti{t), < t < — ti, is a Brownian motion independent of both e*^(*\ — oo < t < to and i?tp(t), 
< t < ti — to- From (j3.3p and that A has period 27r in the second variable, we see that 
^{to + t) -C(to) is adapted w.r.t. the filtration (V*"), where J='l° = J='{e'^^^o\ Bto{s),0 <s<t). 
So Bt^{t), < t < -ti, is independent of e*?W, -oo < t < to, and ^(to+t)-^(to), < t < ti-to. 
Thus, Bt^{t), < t < -ti, is independent of e*^(*), -oo < t < ti. 

Now we consider the existence and uniqueness of the disc SLE(k, A) process. Let = 
A/ + H/. Let -B(t) be a Brownian motion. For to G (— oo,0) and xq £ M, let Xt^^xoit), 
to < t < 0, he the solution of the SDE: 

dXto,xo{t) = V^dB{t - to) + ^i{-t,Xto,xo{t))dt, Xto,xo{to) = xo- 

Then {Xt^^^xoii)) is a real valued Markaov process. Since has period 27r in the second variable, 
so for any n £ Z, XtQ^xo+2mT{t) = Xt^^xoi^) + 2n7r. For to £ (— oo, 0) and Wo £ T, choose Xo G M 
such that e*^° = vuo, and define Xty_^o(t) = e'^{XtQ^xo{'t))- Then the definition does not depend 
on the choice of xo, and (Xt^^xoi't)) is a T- valued Markaov process. Let iPto,ti) be its transition 
probabilities, i.e., for to < ti G (— oo,0), wo £ T, and a measurable set ^ C T, 

Pt,,t^{wo,A) = P[Xt,,^,{ti) £ A]. 

The family {Pti,t2 ■ ti < ti £ (— oo,0)} is consistent in the sense that if ti < t2 < ts then 
Pti,t2 * Pt2,t3 = Pti,t3- We claim that there is a family of distributions {^t '■ t £ (— oo, 0)} on T 
such that for any to < ti G (-oo,0), ^to * Pto,ti = /^ti- 

To prove the above claim, consider — m ^ — n £ — N. Then P—Yn,—n 

(1, •) is a probability 

measure on T. Let —n be fixed and — m — > — oo. Since T is compact, so (P_m,-n(l, ■))m=n has 
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a weakly convergent subsequence. By a diagonal argument, we can find a subsequence of N: 
such that for any —n G — N, the sequence of measures (P„mj.^_„(l, •))^-^ converges 
weakly to some measure, say on T. For any — ni < — n2 S — N, if k is big enough, 
then -ruk < -m, and we have P-m^ -ni(l,-) * -Pm.na = -P-mfc-na- Letting A; ^ oo, we get 
fJ'-m * P-ni-n2 = M-n2- Finally, for each t E (— oo,0) we choose —n G — N such that —n < t 
and define = f^-n * P~n,t- Then the definition of fit does not depend on the choice of — n, 
and the family {fit ■ t G (— oo,0)) satisfies the property in the above claim. 

From Kolmogorov extension theorem, there is a continuous T-valued Markov process {X{t) : 
— oo < t < 0) with transition probability {Pti,t2} such that X{t) ~ fit for any t £ {—oo,0). 
Choose a continuous real valued process {X{t) : —oo < t < 0) such that X{t) = e*(X(t)), 
— cxD < t < 0. Now define 

q(t)=yQ- I H/(-s,X(s))ds, -oo < t < 0. (3.4) 

From Lemma 12.31 the above improper integral converges, so q{t) are well defined. Define 

^{t) =q{t)+X{t), -oo<t<0. (3.5) 

Let 5|(t, •), —CO < t < 0, be the covering disc Loewner maps driven by Then from (|2.26|) and 
(12:2711 . q{t) = g^jit,yo), -oo < t < 0. For to G (-oo,0), let Btoit) be defined by ([S^])- Then 

^Bt,it) = X{to + t)- X{to)- <^>i{-s,X{s))ds, 0<t<-to. (3.6) 

J to 

We claim that {Btg{t)) is a Brownian motion independent of e*"'^^*-' = X{t), — oo < t < to- 
Then from ([331) and ([33]), (Sto(O) is also independent of e*«(*), -oo < t < to. So we have the 
existence of the disc SLE(«;, A) process. 

To prove the above claim, we choose a Brownian motion Btg^t), < t < to, that is in- 
dependent of X{t), — oo < t < to. Define another process Y{t), — oo < t < 0, such that for 
-oo < t < to, Y{t) = X{t); for to < t < 0, Y{t) is the solution of 

dY{t) = -^dBt,{t-to) + <^>ii-t,Y{t))dt, y(to)=X(to). (3.7) 

Let Y(t) = e*(y(t)), — oo < t < 0. From the transition probability we see that (Y{t)) has the 
same distribution as (X(t)). Now we condition on X{t), — oo < t < to. Since (y(t)/y(to), to < 
t < 0)^has the same distribution as (X(t)/X(to) : to < t < 0), y = e'{Y), X = e\X), and 
both y(t) and X{t) are continuous, so iY{t) — y(to) : to < t < 0) has the same distribution as 
(X(t) — X(to) : to < t < 0). Since has period 27r in the second variable, so (<!>/(- 1, y(t)) : 
^0 ^ i < 0) has the same distribution as (<!>/(- 1, X(t)) : to < t < 0). Comparing (|3.6p with 
(j3.7p . we conclude that, conditioning on X{t), — oo < t < to, {Btg(t)) has the same distribution 
as {BtQ{t)). Since {Btg{t)) is independent of X(t), — oo < t < to, so conditioning on X(t), 
— oo < t < to, (BtQ^t)) is a Brownian motion, which implies that (i?fg(t)) is also a Brownian 
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motion under the same conditioning. Thus, {Btg{t)) is a Brownian motion independent of 
—oo<t<tQ. This finishes the proof of existence. 

Now we discuss the uniqueness. Suppose (^(t)) satisfies the condition in Definition 13. 4[ Let 
X{t) = ^{t) — g^{t,yo) and X{t) = e*(X(t)), — cxd < t < 0. Then from a similar argument, we 
can conclude that {X{t) : — oo < f < 0) is a Markov process with transition probability {Pti,t2}- 
Since we have ^ 

e*«^*^ = ^ exp ( y Sii-s, Xis))ds) , -oo < t < 0, 

and the disc Loewner hulls driven by ^ are determined by (e*^^*^), so we suffice to show that 
the distribution of the Markov process with transition probability {Pti^} is unique. 

Suppose (X{t)) is a Markov process with transition probability {Pti,t2}- Let ft denote 
the distribution of X{t), —oo < t < 0. It suffices to show that ft = nt for —cxd < t < 0. 
Now for —m < —n S — N, we have 

i^—m * P—m^—n — ^— n* Assume that for any wq G TT, 
as —m — oo, P-m-n{wo, ■) converges weakly to a measure depending only on —n, and the 
convergence is uniform in wq G T. Then the limit measure must be fi-n because of the definition 
of H-n- Letting —m — > — oo in the equality * P-m-n = t^-n, we get = f_„ for any 
—n £ — N. Finally, for any t £ (— oo,0), we may choose —n £ — N such that —n < t. Then 

ft = T^-n * P-n,t = fJ'-n * P-n,t = fJ't- 

To get the uniqueness, we want that the Prohorov diameter of the set {Pt-niwo, •) '■ t < 
tQ,w £ T} tends to as to — oo. Suppose ti < t2 £ (— oo,0) and wi,W2 G "T. We need 
to know whether the Prohorov distance between Pti,-n(^^i5 •) and Pt^-n{w2, •) tends to as 
ti,t2 — > — oo, uniform in 'Wi,W2 £ T. For this purpose we may construct a coupling of two 
random variables Ai and A2 with these two distributions respectively, such that P [Ai = A2] 
tends to 1 as ti,t2 —00. Now we run two independent Markov processes {Xi{t) : ti < t < 0) 
and {X2{t) : t2 < t < 0) started from Xj{tj) = Wj, j = 1,2, such that they both have 
transition probability {Pti,t2}- Let Aj = Xj{—n), j = 1,2. Then Aj ~ Pt--n{wj ■,■)■, j = 1,2. 
Let T be the first t such that Xi{t) = X2{t)] if such time does not exist, let r = 0. Let 
{Xi{t)) = {Xi{t)). Define X2 such that X2{t) = X2{t) for t < r and X2{t)^= Xi{t) for t > r. 
Then for j = 1,2, {Xj{t)) has the same distribution as {Xj{t)). Define Aj for Xj, j = 1,2. 
Then Aj ~ Pt^^-niwj, ■), j = 1,2, as well. Now we have {Ai = A2} = {t < — n}. For the 
uniqueness, we want that P [r < —n] — > 1 as ti,t2 —00. For example, if A is uniformly 
bounded on (—00, to] x ^ for any to £ (— oo,0), then this holds. In general, we do not expect 
the uniqueness of disc SLE(k, A) process. We will not go into details of this discussion. 

Let be as in Definition 13. 4[ Let Ki{t) and gi{t, •), —00 < t < 0, be the disc Loewner hulls 
and maps driven by ^, respectively. Then a.s. 

(3i{t):= lim 9i{t,-r\z) 

exists for —00 < t < 0, and Pi{t), —00 < t < 0, is a continuous curve in D with limt_»-oo = 
0. We call (3i the disc SLE(k, A) trace in D started from with marked point b. If k G (0,4], 
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then j3i is a simple curve and Ki{t) = (3i{[—oo^ t]); if k > 4, then /?/ is not simple, and C\Ki{t) 
is the unbounded component of C \ oo, t]). 

The definition of disc SLE(k, A) process is self conformally invariant. If /3 is a disc SLE(k, A) 
trace in D started from with marked point 6, and W maps D conformally onto D, and fixes 
0, then W{f3) has the distribution as a disc SLE(«;, A) trace in D started from with marked 
point W{h). If is a conjugate conformal map, then W{l3) is a disc SLE(k, A/) trace. So via 
conformal maps, we can define SLE(k, A) hulls or trace in any simply connected domain started 
from an interior point with some marked boundary point. 

The disc SLE(k, A) process is related to annulus SLE(fi;, A) process in the following way. 
Suppose Pi{t), — oo < t < 0, is a disc SLE(k, A) trace started from a with marked point b. Let 
Ki{t), — oo < t < 0, be the corresponding hulls. Fix Iq G (— oo,0). If we condition on Kf{t), 
— oo < t < Iq, then /?/(to + t), < t < —Iq, is an annulus SLE(k, A) trace in D \ Kf{tQ) started 
from Pi (to) with marked point b. This follows from the two definitions and Lemma l3. 11 

4 Coupling of Two Annulus SLE Processes 

In this section, we will prove the following theorem. Recall that Ip{z) = e~'^/z. 

Theorem 4.1 Let k > 0. Suppose A is a C^'^ differentiable crossing annulus drift function, 
and satisfies the following PDF: 



on (0, oo) X M, where the dot denotes the partial derivative w.r.t. the first variable, and the 
primes denote the partial derivatives w.r.t. the second variable. Moreover, suppose that 



Let Ai = A, and A2 be the dual function of A. Then for any p > 0, 01,02 G T, there is 
a coupling of two processes Ki{t) and K2{t), < t < p, such that for j ^ k £ {1,2}, the 
followings hold. 

(i) Kj{t), < t < p, is an annulus SLE(k, Aj) process in Ap started from aj with marked 

point aj^k '■= Ip^akl- 
lii) If t}^ < p is a stopping time for {Kk{t)), then conditioned on Kk{t), < t < t^, after 
a time-change, Kj{t), < t < Tj{tk), is a stopped annulus SLE[k, Aj) process in Ap \ 
Ip{K}i{tk)) started from aj with marked point (3i^kitk)'i = Ip{Pkitk))j where l3k{t) is the 
trace that corresponds to Kk{t), < t < p, and Tj{tk) is the maximal number in (0,p] 
such that Kj{t) n Ip{Kk{tk)) = 9 forO<t< Tj{tk). 




(4.1) 




(4.2) 
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Lemma 4.1 Fix k > 0. Suppose A is a crossing annulus drift function that satisfies ^JjJ^- 
Then there is a positive C^'"^ differentiable function T on (0, oo) x M, which satisfies 



r' _ A 



(4.3) 



f = -r" + UiV + ^-^mr. (4.4) 



Moreover, if A satisfies \4-^ then T has period 2-k in the second variable. 
Proof. Define F on (0, oo) x M such that 

f(t, x) = exp f / -A(t, y)dy 



Then we have ^ = So A = k(E)'. From (j4.1|) we have 

So for each t G (0, co) there is C{t) G M such that 

K.E = |A' + H,A+(3-^)H; + ^ + C(t). 
So C{t) is continuous. Since A = so A' = — k(^)^. From the above formula, we have 

F = " + H,r' + ^H',f + -C{t)f. 

Let 

rt 



T{t, x) = f{t, x) exp - ^ ^C{s)ds^ . 



Then it is easy to see that F satisfies ()4.3p and ()4.4p . Finally, if A satisfies (j4.2p then from (j4.3p 
we see that F has period 2tt in the second variable. □ 



4.1 Ensemble 

Let p > 0, and ^1,^2 £ C{[Q,p)). For j = 1,2, let i^j(t) and gj{t,-) (resp. Kij{t) and gjj{t,-)), 
< t < p,he the annulus (resp. inverted annulus ) Loewner hulls and maps of modulus p driven 
by ^j. Let Kj{t,-), Kij{t,-), gjit,-) and gij{t,-), < t < p, j = 1,2, he the corresponding 
covering Loewner hulls and maps. Then Kjj{t) = Ip{Kj{t)), j = 1,2. Define 

-D = {(ti,t2) G [0,pf : Ki{ti) n Ki^2{t2) = 0} = {(^1,^2) G %vf ■ i^/,i(ii) n K2{t2) = 0}. 
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For (ti, t2) G Ap \ Ki{ti) \ Ki^2{t2) and Ap \ Ki^i{ti) \ i^2(i2) are doubly connected domains 
that have the same modulus, so we may define 

m(ti,t2) = mod(Ap\Ki(ti)\i^7,2(t2)) = mod(Ap\K/,i(ti)\E:2(t2)). (4.5) 

Fix any j ^ k £ {1,2} and tk G [0,p). Let Tj{tk) = sup{tj : Kj{tj) n Kj^kitk) = 0}- Then for 
any tj < Tj{tk), we have (ti,t2) S Moreover, as — > Tj{tk)., the spherical distance between 
Kj(tj) and Kj^kitk) tends to 0, so m(ti,t2) ^ 0. 

From Proposition 12.41 Kj(tj), < tj < p, is a Loewner chain in Ap w.r.t. Tp. Since for 
< tj < Tj{tk), Kj{tj) lies in Ap \ Kj^kitk), so Kj{tj), < tj < Tj{tk), is also a Loewner chain 
in Ap\K[^k{tk)- Since gi^kitk, •) maps Ap\Kj^k{'tk) conformally onto Ap-^^., and maps T onto T, 
so from conformal invariance of extremal length, Kj^tki^j) ■— 9l,k{tk, Kj{tj)), < tj < Tj{tk), 
is a Loewner chain in Ap_fj, w.r.t. Tp^t^- Now we apply Proposition 12. 4i Let 

Vj,tk (tj) = caPAp_t^ iKj,tk (tj)) =P-tk- mod(Ap_t^. \ gLk{tk, Kj{tj))) 

= p-tk- mod(Ap \ Kj^kitk) \ Kj{tj)) = p - tk - m(ti, t2). (4.6) 

Here the third "=" holds because gi,k{tk, •) maps Ap\Kj^ki'tk)\Kj{tj) conformally onto Ap_tj. \ 
gi,k{tkiKj{tj)). Then Vj,tf. is continuous and increasing, and maps [Q,Tj{tk)) onto [0,5j_tj,) for 
some Sjtf. G (0,p — tk\. Since m — > as t j ^ Tj{tk), so 5j t^. = p — tk- Then Ljt^{t) := 

tfc('"j,ifc (*)))' < t < p tfc, are annulus Loewner hulls of modulus p ifc driven by some 
Cj,tfc ^ C'([0,p — tk))- Let Ljj^tkit) be the corresponding inverted annulus Loewner hulls. Let 
^i>*fc(^' ■) ^i,j,tki^^ ■) '-'^ corresponding annulus and inverted annulus Loewner maps. Let 
Lj^tk{i)j Li,j,tk{'t), hj^tk{t-,-)i and hi^j^t^{t,-) be the corresponding covering hulls and maps 

For < tj< Tj{tk), let Cj,t,{tj), Kij^t^{tj), gj,t^{tj,-), gi,j,tk{tjr), Kj^t^{tj), Kij^t^{tj), 
9j,tk{tj^ •)) and gi,j,tk{tj, O^be the time-change of Cj,tk{'t), -^/,jA(0> ^i,tfc(*; •)> ^/,jA(*i •)> -^j,tfc(*)' 
^i,htki^)-' ^htki^-i')-: ™^ ^^j,tfe (*'■)) respectively, via the map fj.tj.. For example, this means 
that ^j,t,(tj) = Ci,tfe(f^iA(*i)) and gj,t^{tj,-) = hj,t^,{vj,t,{ij)r)- 

From (j2.16p . for < tj < p and e G (0,p — tj), gj{tj,Kj{tj + e) \ Kj{tj)) is a hull in Ap_t^. 
w.r.t. Tp_t^. , and 

capA,_,^, (5j (ii , Kj {tj + e) \ Kj (tj))) = e. (4.7) 
From Proposition 12.41 we have 

{e^€.fe)}= Pi 5,.(i,.,K,.(t,. + £)\i^,.(t,.)), 0<t, <i5. (4.8) 

e6(0,p-i,) 

From (I236I) and ([321), for < t ^ < Tj{tk) and e E (0,rj(tfc) - t^), 

9j,tdij:Kj^tdh +^)\ ^htkih)) = ^iA(^jA.' ^jA.(^jA(*i + ^)) \ ^jA.(^iA(*i))) 
is a huh in Ap„t^_„^, ^j^) = Am{ti,t2) w.r.t. Tm(ti,t2), and 

capA„(5jA(*j' ^i,i/c(*i + ^) \ ^iA(*i))) = ^i,ifc(*i + ^) - ^i,tfe(^j)- (4-9) 
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From Proposition 12.41 we have 

{e^?..*.fe)}= Pi g^^t^{t„K,,Jtj + e)\K,,tdtj)), < h < p. (4.10) 

£e(o,T,(tfc)-tj) 

For 0<tj < Tj{tk), let 

Gi,k,tk(.tj^ •) = 9j,tk(tj, •) o gi^kitk, •) o O""^; (4-11) 

GLk,tt:{tj,-) =gj,tk{tj,-)°9i,k{tk,-)°9j{tj,-r^- (4.12) 

Then Gj^k,tk{tj, •) maps Ap_f^. \ gj{tj, Ki^k{ik)) conformally onto and maps T onto T; 

e* o Gi^k,tk{tjr) = Gi^k,tkiijr) ° e\ and Gi^k,tkiijr) maps M onto M. For any tj G [0,Tj{tk)) 
and e G (0,Tj(tfc) — tj), we have 

+ ^) =5i,^.(^,^i^,^^.(^J +e) (4.13) 

From gSI), (jUni), and (j4l|), we have e*«^-**(*^) = G/,fc,t,(t„ e^«^fe)) = o Gi,k,t,{tj,Cjitj)). 
So there is n E Z such that Gj^k,tkitj,(,j{tj)) = ^j,tk{tj) + 2n7r for < t j < p. Since Cj,tfc + 2n7r 
generates the same annulus Loewner huUs as Cj,tf,y so we may choose Cj^t^ such that 

(j,tdh) = Gi,k,t,{tj,ij{tj)), < < Tj{tk). (4.14) 
From (|4.7p . ()4.9p . and Proposition 12.11 we have 

y'j^tSh) = = G'i,k,t,{tj,i,{t,))\ 0<t,< T,{tk). (4.15) 

From ()4.6p we have 

a, m(ti,t2) = -G;,,,i^(t„C,(t,))2, < t,- < T,(tfc). (4.16) 
Since ^j(t, •) are covering annulus Loewner maps of modulus p driven by ^, so it satisfies 

9j(tj,z)=Yl{p-tj,gj{t,z)-ij{tj)), 0<t,<p. (4.17) 

Since gj,tki'tjr) = ^j,tk{vj,tk{tj),-), hj^tkit,-) are covering annulus Loewner maps of modulus 
p-tk driven by Cj,tk, and Cj,tk{tj) = Cj,tkivj,tAtj)), so from ([32]) and (|4.15p . we have 

= G;,fc,j,(t,-,e,(ii))'H(m(ti,t2),5,A(ti,^) - Cj,t,itj)), 0<tj< Tj{tk). (4.18) 

From ()4.12p we see that, for any z G Sp \ Kj{tj) \ Kf^^itk), we have 

Gi,k,tk{tj,-) °9j(.tj,z) =gj,tk{tj,-)°9i,k(.tk,z). (4.19) 

Differentiate KT9\i w.r.t. t^. From (gUI), (HTH) . and (liTSl) . we get 

Gi,k,tf, {tj , gj {tj,z)) + G'i^k,tk ' 9 J j > ^) )H (p - tj , gj {tj , z) - ^j {tj ) ) 
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Since gj{tj, •) maps Sp \ Kj{tj) \ Kf^k{tk) conformally onto Sp-t^ \ gj{tj, Kj^kitk)), so from the 
above formula, we see that, for any w G Sp-tj \ Hji^ji Ki,k{tk)), 

Gi^k,t^itj,w) = G'j k tjtj, (,j{tj)f Him, Gi^k,tkitj,w) - Gi^k,tkitj,(.jitj))) 

- G'j^,^t^{tj,w)H{p - t„w- ^,{t,)). (4.20) 

Since Sp-tj \ gjitj,Kf /.(t/.)) contains a neighborhood of M in H, so we may let w — > (,j{tj) in 
Sp^t,\9j{tj,Kj^k(tk)) in (SSni). From (glS]), we get 

^lAt.itj^^jitj)) = -^G'ik,t,{hMh))- (4-21) 
Differentiate (|4.20|) w.r.t. w. Then we have 

G'i^k,t,{tj,w) = G'i^j,^t^{tj,ij{tj)fG'i^k^t^{tj,w)U'{vc,,Gi,k,^^^^^ - Gi,k,t,{h,^j{tj))) 

-Glk,tS*j^w)U{p -tj,w- ijitj)) - G'jj, t^{tj,w)W{p - tj,w - Cjitj))- 
In the above formula, let w — > Cj(^j) in Sp-ij \ gjiijiKi^kitk))- From (j2.13p . we have 

^'i,k,t,{tj.ij{h)) _ 1 (G'ik,tSh^iAh))\^ 4 Gl^,t,{tj,i,{t,)) 



G':,k,tSt^Mh)) ^ ^G'j^,,S^,Mh))^ 3 G\,^,^{t,,i,{t^)) 

+ G'i,k,t,itv^jih))M^) - r(P - tj). (4.22) 

Remark. It is in [8] that the ideas behind (j4.14p . (j4.15p . and ()4.21|) first appeared, which were 
there to show that SLEg satisfies locality property. The first formula that is similar to (j4.22p 
appeared in [10], which was used to show that SLE8/3 satisfies restriction property. 

From the definition of inverted annulus Loewner maps, we see that hi^k,tj{t, ■) maps Ap-tj \ 
Li,k,tj{t) conformally onto Ap^t^-t, and maps T onto T. Since gi,k,tj{tk, ■) = hi^k,tj{vk,tjitk), ■), 
Ki^k,tj{tk) = Lj^k,t,{vk,tj{tk)), so from (jMl), both Gi^k,tk{tj,-) and gi,k,tj{tk, ■) map Ap_t, \ 
Ki^k,tj{tk) conformally onto A^(i^^i^-)^ and maps T onto T. So they differ by a multiplicative 
constant of modulus 1. Since Gj^k,tk{tj,-) o e* = e* o Gi^k,t,,i'tj,-) and gi,j,t^{tj-,-) o e* = e* o 
gi,j,t,,itj, •), so there is 6*^(^1,^2) £ ^ such that 

Gi,k,tdijr) =gi,k,tA^k,-) + Gk{ti,t2). (4.23) 
Exchanging j and k in (j4.23p . we have Gj{ti,t2) £ M such that 

Gi,j,t,itk, •) = gi,j,t,itj^ •) + Cjiti,t2). (4.24) 
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Since gj,tk{tj-, •) and gi,j,tki'tj, •) are time-changes of hj^tkit^ ") and hi^j,t^{t, •) via respec- 
tively, and •) = Ip-tk-t ° hij^tkitj, O ° Ip-t^^ so from (jMD, we have 

•) = 4i{ti,i2) ° 9id,tk{tj, •) o /p-t^; (4.25) 

Similarly, we have 

gi,k,tj{tk,-) =Im(ti,t2)°9k,tj{tk,-)°Ip-tj- (4.26) 

Now let 

Gj,tj{tk, •) = Im{ti,t2) ° Gij^tj{tk, •) o /p-tj,. (4.27) 
Then from (g^H), and (g^ZI), we have 

Gj,t^(ifc, •) = 9j,t,{tj, •) + Cj{h,t2). (4.28) 

Exchanging J and /c in (j4.19p . and using (|4.26p . ()4.27p . and that gj{tj, •) = Ip-t^ogjj(^tj, •)oIp 
and gi,k{tk, •) = Ip-t^ ° 9kitk, •) o Ip, we get 

gi,k,tj{tk,-) ogj{tj,-) = Gj^tjitk,-) °9l,k{^k,-)- (4.29) 

Comparing ([429]) with (f4T9]l . and using ([423]) and ([428]) . we see that 

Ciih,t2) + C2itut2)=0. (4.30) 

From (j4.14p . for (ti,t2) £ T^, we may define 

^i(ii,t2) = Cj,tkitj) -gij,tkitj,^kitk)) = Gi^k,t^{tj,ij{tj)) -gi,j,t,,{tj,ik{tk))- (4.31) 

From (1123]), (lilMl) and (1430]) we have 

Xi{ti,t2)+X2{tiM) = ^- (4.32) 

For (ti,t2) G we define 

Aj,h{ti,t2)=^l'ltS^k,ij{h))^ /i = 0,1,2,3, (4.33) 
, . . _ ^i,3(tl,t2) 3/ .4j-2(ti,t2) x2 

where the superscript "(/i)" denotes the /i-th partial derivative w.r.t. the second variable, so 
Aj^s{ti-,t2) is the Schwarzian derivative of gi^k,t (tki ■) at ^j{tj). Since H"'(p, •) is even, so from 
(|4.32p . for (ti,t2) S P, we may define 

Q{ti,t2) = H7(m(ti,t2),Xi(ti,t2)) = H';'(m(ti,t2),^2(ti,t2)). (4.35) 

F(fi,f2) = exp (^^ ^ ^i,i(si,S2)^^2,i(si>S2)^Q(si,S2)c?sids2). (4.36) 
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We may rewrite ()4.18p as 

9i,j,t^,{tj,z) = AliUi{m,gij^t^{tj, z) - Cj,tkitj)). (4.37) 
Differentiate this formula w.r.t. z twice. We get 



9'l,j,tk{'tj,z) ^ ^2 XT' 

9l,i,uitj,z) ' 



^iH^m, gi,,,t, it, , z) - [tj)). (4.38) 



d f9l,,t,itj,z) 



9tj ^9'ij,t^{tj,z) 



Al,ll'l{m,gij,t,{tj,z) - ^j,t,{tj))g'i,,,t,{tj, z). (4.39) 



Let z = 4(tfc) in (g^ZD, (g^H]), and (g^l]). Since H/(p, •) and H"(p, •) are odd, and Wj{p, •) 
is even, so from (j4.3ip . we have 

djAk,o = -4iH,(m, Xj)dtj. (4.40) 
^ = Alil'j{m,X,)dt,. (4.41) 



Differentiate (|4.39|) w.r.t. z again, and let z = S,kitk)- Since H^'(p, •) is even, so we get 



BtS^ri^,) ) =4.|H'/'(m,.Y,)A|,-H;(,„,.Y,)^,d. (4.43) 
From (Oil) . ([TSS]) . g32|), and ([M]) . we have 

Since gi,j,tk{0, •) = hjj^tki'^i •) = id, so when = 0, we have Ak^i = 1, ^fc,2 = ^fe,3 = 0, hence 
Ak^S = 0. Prom ([06|) and (fOij) . we see that for any G {1, 2}, 

^ = ^.,5. (4.45) 

4.2 Martingales in two time variables 

Let ai,a2 G T be as in Theorem 14.11 Let ajj = Ip{aj) £ Tp, j = 1,2. Choose xi,X2 G M 
such that Qj = e"'j , j = 1,2. Let -Bi(t) and B2{t) be two independent Brownian motion, which 
generate filtrations (J^t) and (Tf), respectively. Let (.F^) be the augmentation of (.F/) w.r.t. 
the distribution of {Bj{t)), j = 1,2. Let A, Ai and A2 be as in Theorem 14.11 We adopt the 
notation in the last section. For j = 1,2, let Cj(tj), <tj < p, be the solution to the SDE: 

dCj{tj) = ^dBj{tj) + Kj{p - tj,^j{tj) - gij{tj,X3-j))dtj, ^^(0) = xj. (4.46) 
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Then for j = 1, 2, {(,j{t)) is an (^^)-adapted semi-martingale with {(,j)t = nt; (^i(t)) and (^2(i)) 
are independent, and Kj{tj), < tj < p, are annulus SLE(k, Aj) hulls in Ap started from aj 
with marked point aj^s-j- 

As annulus Loewner objects driven by {Kj{tj)), {K[j{tj)), {gij{tj, •)), (gj{tj,-)), and 
{gi,j{tj,-)) are all (^/. )-adapted. Fix j ^ k £ {1,2}. Since {Kj{tj)) is (.7^^, )-adapted, and 
(giM^k, •)) is (J^/; )-adapted, so (Kj^tkitj) = 9i,k{^k, Kj{tj))) defined on P is {J^}^ x jr2j_adapted. 
Since gj,tk{tjj ') and gi,j,t^:{tj, •) are determined by (Kj^tkisj)), < sj < tj, so they are (J^/^ x 
Jfj-adapted. From (l4l2D . {Gi,k,tk{ijr)) is {J'l x )_adapted. From (lilil) . is 
also (J^i\ X ^.adapted. From ([33]), dOT]) . (|T3BD . and g33D, we see that (m), (Xj), (Aj^h), 
h = 0,1,2,3, and (Aj^s) are all {J^l^ x .F^^2)"adapted. 

Fix j {1,2}, and any (J^^^^-stopping time tk £ [0,p). Let J^^f'' = J^^, xj^}^^, 0<tj < p. 

Then (^;*^)o<t, <p is a filtration. Since {Bj{tj)) is independent of so it is also an (jF^j**")- 

Brownian motion. Thus, (|4.46|) is an (.F^J** )-adapted SDE. From now on, we will apply Ito's 

formula repeatedly, all SDE will be (.F/'*'°)-adapted, and tj ranges in [0, Tj(tfc)). 
From (fOT]) . (fOT]) . (f03]) . and (filfe]) . we see that Xj satisfies 

djXj = Aj^idCjitj) + - ^)Aj,2dtj + 4iH/(m, XjOatj. (4.47) 

Let r be as in LemmaHl Let Pi = F and T2{p,x) = T{p, —x). Since F and A satisfy (|4.3p and 
(I33D, and H/(j?, •) is odd, so Tj and A^-, j = 1, 2, also satisfy (g^]) and dO]). From (gSSD, for 
(ii,t2) £ ^) we may define 

y(ti,t2) = Fi(m(ti,t2),Xi(ti,t2)) = F2(m(ti,t2),^2(ti,t2)). (4.48) 
From (USD, (1331), KT6\\ . (lOTll . and (lOSll . we have 

^ = iA,(m, X,)^,, i9e,(t,) + ^ (4iH;(m, X,) + A,(m, Xj)Aj,2)dtj. (4.49) 
From (|4.22p we have 

+4 ir(m)9tj - r(p - tj)9tj. 

6 _ K (8-3k)(/.-6) 

a = , c= . (4.50) 

2k ' 2k ^ ^ 

Actually, c is the central charge for SLE^. Then we compute 

%^ = a . ^ . 5e,(t,) + ^^i,5at, + aAl^v{m)dtj - av{p - tj)dt,. (4.51) 



Let 
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Recall the definition of R in (|2.14p . Define M onV such that 

M = Al^Al^F-^'/^Y exp(aR(m) - aR(p - h) - aR(p - ta) + aK{p)). (4.52) 

Then M is positive. Prom KIM . (fOT]) . ([OS]), (1449]) . (f45T]) . and that R'(t) = r{t) - r{oo), 
we have 

^ = ^ • 7^ • + ^A,(m,X,)A,,i5e,(t,). (4.53) 

When tfc = 0, j4j_i = 1, Aj 2 = 0, m = p — tj and Xj = ij{tj) — gi,j{tj, x^), so the right-hand 
side of (j4.53p becomes ^Aj(p — tj,^j{tj) — gjj{tj, Xk))d^j{tj). Define M onV such that 

Mit,,t,) = B^^^^B^. (4.54) 
M(ti,0)M(0,t2) 

Then M is also positive, and M(ti,0) = M(0,t2) = 1 for ti,t2 G [0,p). From and (Ii33]l 
we have 



djM 
M 



(3 - I) ^ + A, (m, Xj)Aj,i - Ajip - tj,^j{tj) - giAtv^k))] ^^1^- (4-55) 



So when G [0,p) is a fixed (JP"^ )-stopping time, M is a local martingale in tj. 

Let J denote the set of Jordan curves in Ap that separates T and Tp. For J £ J and 
j = 1, 2, let Tj(J) denote the smallest t such that -f^j(t) H J 7^ 0. Recall that /p(2;) = e~^/z and 
Kij{t) = Ip{Kj{t)), so rj(J) is also the smallest t such that Kjjit) n /p(J) 7^ 0. Let JP denote 
the set of pairs (Ji, J2) G such that /p(Ji) H J2 = and Ip{Ji) is surrounded by J2. This is 
equivalent to that /p(J2) H Ji = and Ip{J2) is surrounded by Ji. Then for every (Ji, J2) € JP, 
K/,i(fi) n K2{t2) = when ti < Ti(Ji) and t2 < ^2(72), so [0,Ti(Ji)] x [0,r2(J2)] C V. 

Lemma 4.2 (Boundedness) Fix (Ji,J2) G JP- T/ien |ln(M)| is bounded on [0, ri(Ji)] x 
[0,T2(J2)] hy a constant depending only on Ji and J2. 

Proof. In this proof, we say a function is uniformly bounded if its values on [0, Ti(Ji)] x 
[0,T2(J2)] are bounded by a constant depending only on Ji and J2. From (j4.52p and (j4.54p 
and that p — ti = m(ti, 0), p — t2 = m(0, t2), and p = m(0, 0), we suffice to show that ln(y4i^i), 
ln(^2,i)) lii(-F), ln(y), and R(m) are all uniformly bounded. From (|4.16p we have m < p. Let 
D{Ji, J2) denote the doubly connected domain bounded by /o(<^i) and J2. Let > denote its 
modulus. For (ti, t2) S [0, Ti(Ji)] x [0, T2(J2)], -D(Ji, J2) disconnects Ki^i{ti) from ^2(^2), so we 
have m(ti, t2) > Po- Thus, m G [pojP] on [0, Ti(Ji)] x [0, r2(J2)]. Since R is continuous on (0, 00), 
so R(m) is uniformly bounded. From (j4.48p . ln(y) = ln(r(m, Xi)). Since ln(r) is continuous on 
(0, 00) X M and has period 27r in the second variable, so ln(y) is uniformly bounded. Similarly, 
Q is uniformly bounded. From Lemma 12.41 In(Aj^i) = 0(me~™), j = 1,2. So ln(y4i^i) and 
ln(^2,i) are uniformly bounded. Finally, from (j4.36p . ln(y) is uniformly bounded. □ 
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4.3 Local coupling 

Let Hj denote the distribution of (^j), j = 1,2. Let n = fii x ^2- Then /i is the joint 
distribution of (^i) and (.^2) since ^1 and ^2 are independent. Fix (Ji, J2) G JP- From the 
local martingale property of M and Lemma[121 we have E^[M(Ti( Ji), r2(J2))] = M(0, 0) = 1. 
Define i^j^^ja such that duj-^^j^/ = M(Ti(Ji), T2(J2)). Then vj^^j2 is a probability measure. 
Let vi and 1^2 be the two marginal measures of vj^,j2- Then di^i/dfii = M{Ti{Ji),0) = 1 
and du2/dfj,2 = (0,^2(72)) = 1, so Uj = fij, j = 1,2. Suppose temporarily that the joint 
distribution of (^1) and (^2) is i^Ji,j2 instead of 11. Then the distribution of each (^j) is still fij. 

Fix an (.7^j^)-stopping time t2 < T2( J2). From (j4.46p . (j4.55p . and Girsanov theorem (c.f. [13]), 
under the probability measure i^Ji,j2, there is an (.F/^ x J'^|,)ti>o-Brownian motion Bi^t2{ti) such 
that 6(*i), 0<h< Ti{Ji), satisfies the {T^ x jr|,)t^>o-adapted SDE: 

dUh) = V^dBi^t2{ti)+[^-^)j^^dti+Ai{m,Xi)A,,idti. (4.56) 

Note that Xi{ti,t2) = Ci.tal^i) - 5/,i,t2(*i>6(i2))- From KW\ and (jMIl), we have 
d^i,t2 (ti) = Ai^i^dBi^t2 {h) + ^?,iAi (m, ^i^t^ (ti) — S'/,i,t2(*i>C2(i2)))c^ii- 

Recall that Ci,i2(si) = 6,42(^1^*2(^1)) and /i/,i,t2 (^i, •) = 5/,i,t2(^i^t2('^i)' ")• ^° 6^1) and 

(|4.15p . there is another Brownian motion Bi^t2{si) such that for < si < 'yi,t2 (^i('^i))) 

dQiMi^^) = \^dBi^t2isi) + Ai(p - t2 - siXi^i^i) - hi,i,t2isi,(,2{t2)))dsi. (4.57) 

Moreover, the initial values is Ci,t2(0) = Ci,t2(0) = ^7,2,42(05^1) = gi,2{t2,xi). Since Li^i^t2if) 
and /i/,i,t2(^) are inverted annulus Loewner hulls and inverted covering annlus Loewenr maps, 
respectively, of modulus p — t2 driven by Ci,t2(*)) so from ()4.57p . conditioned on !Ff^, Li^t2{t)i ^ 
t < ^^1,42 (^i(<^i))) is a stopped annulus SLE(k, Ai) process in Ap-^^ started from e^(gi^2{t2-, xi)) = 
97,2(^2 5 fli) with marked point Ip-t2 ° e*(^2(i2))- Let 132 be the trace that corresponds to K2{t), 
and Pi^2 = Ip°P2- Then 97,2(^2, •) maps Ap\Kj^2{t2) conformally onto Ap_(2, and maps (3i^2{t2) 
to Ip_i2 o e'(^2(t2))- Since ^i.ta (^'l,^2 (*i)) = ^1,42(^1) = 57,2(^2, i^i(ii)), so conditioned on J^f^, 
after a time-change, Ki{ti), < ti < Ti(Ji), is a stopped annulus SLE(k, Ai) process in 
Ap\Kj^2{t2) started from ai with marked point /3/,2(i2)- Similarly, if ti is a fixed (.F/ )-stopping 
time with ti < Ti(Ji), and /3i is the trace that corresponds to Ki{t), then conditioned on 
J^l^, after a time-change, K2{t2), < t2 < T2{J2), is a stopped annulus SLE(k, A2) process in 
Ap \ Ki^i(ti) started from 02 with marked point /3/,i(ii) := Ip o /9i(ii). 

4.4 Global coupling 

To lift the local couplings to a global coupling, we need the following theorem. 

Theorem 4.2 Suppose n G N and {Jl"", J™) G JP, 1 < m < n. There is a continuous function 
A'U{ti,t2) defined on [0,p]'^ that satisfies the following properties: 
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(i) M^=M on [0,Ti(Jf )] x [0,r2(J^)] forl<m< n; 

(ii) M*(t,0) = M*(0,t) = 1 for any t G [0,p\; 

(in) M{ti,t2) G [^1,(72] for any ti,t2 G [0,p], where C2 > Ci > are constants depending 
only on JJ^ , j = 1,2, 1 < m < n; 

(iv) fix j ^ k £ {1,2} and any {T^)-stopping time G [0,p], is a bounded {T^^ ^ ^tk)ti>0' 
martingale in tj. 

This theorem is similar to Theorem 6.1 in and Theorem 4.5 in [26J. Their proofs are 
also similar. To save the length of the paper, we omit the most part of the proof, and only 
show how M=K is defined. Let 5" be a subset of {m G N : m < n} such that 

n 

U [o,ri(jr)] X [o,T2(J2"^)] = U [o,ri(jr)] X [o,r2(j2")] 

m£S m=l 

Moreover, we may assume that if another set S' also satisfies this property, then J2m€S ^ 
Z^meS' Then S is uniquely determined. But it is a random set in general. 

We may order the members in 5 by mi,m2, . . . , such that Ti{J'^^) < Ti(J["^) < • • • < 
ri(Jf'=), and T2{J^') > T2{J^^) > ■■■> T2{J^''). Formally define ri(Jf ") = T2{Jp+') = 
and ri(j["'=+') = T2{J^") = p. Now the vertical lines {x = Ti{Jp)}, I < j < k, and horizontal 
lines {y = T2{J^^)}, 1 < j < k, divide the square [0,p]^ into {k + 1)^ rectangles. We use Rj^ 
to denote the closed rectangle bounded by {x = Ti(J^ '^)}, {x = Ti{J^ )}, {y = T2{J2 
and {y = T2{Jp'-')}, 1 < h,32 <k + l. Then 

n 

U [0,Ti(jr)] X [0,T2(J2"^)] = U [0,Ti(jr)] X [0,r2(J2"^)] = U Rn,n 

m=l m&S ji<j2 

We first define on Rjij2 ^'^^ ji < such that M^, = M; and define it to be constant 
1 on {ti = 0} and {^2 = 0}. Then we extend to [0,p]^ such that it is continuous, and its 
restriction to each Rj^j2 with ji > j2 is a product of two functions depending only on ti and t2, 
respectively. Such extension can be done step by step, and is unique. Then M* clearly satisfies 
(i) and (ii). Lemma [4.2l will be used to prove (iii). The local martingale property of M and the 
boundedness of together yield (iv), the martingale property of M*. 

Let JP* be the set of ( Ji , J2) G JP such that for j = 1,2, Jj is a polygon curve whose vertices 
have rational coordinates. Then JP,, is countable. Let (J^,J^), m G N, be an enumeration 
of JP*. For each n G N, let M,"(ti,t2) be the M^{ti,t2) given by Theorem [U for (Jf, J2"), 
1 < 771 < n, in the above enumeration. 

For j = 1,2, let ^j{t), Kj{t), Kjj{t), (3j{t), and Pi,j{t), < t < p, be as in the last 
subsection. Recall that Kj{t), < t < p, is an annulus SLE(k, Aj) process in Ap started from 
ttj with marked point ai,3-j- For j = 1,2, let fij denote the distribution of (,j{t), < t < p. 
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We first suppose that and ^2 are independent, tlien /i := ^ui x /i2 is the joint distribution of 
1^1 and which is a probabihty measure on C([0,p))^. For each n £ N, define i^" such that 
dz/" = M^{p,p)dfi. Then z^" is also a probability measure on C([0,|^))^. Let and z/2 be the 
marginal measure of z^". Since M"(ti,t2) = 1 when ti = or f2 = 0, so = /j^j, j = 1,2. 
If the joint distribution of ^1 and ^2 is z^" instead of fi, then the distributions of ^1 and ^2 
are still fii and /i2, respectively; and from the discussion at the end of last subsection, we see 
that for any 1 < m < n and j ^ k £ {1, 2}, if tj^ is an (^^^)-stopping time with < rfc( J^), 
then conditioned on J'j'^, Kj{t), <t < Tj(Jj"), is a stopped annulus SLE(k, Aj) process in 
Ap \ Ki^kitk) started from Oj with marked point Pi^kiik)- Now we are ready to finish the proof 
of Theorem I4.1[ 

A sketch of the proof of Theorem 14.11 Let TC{C) denote the space of nonempty compact 
subsets of C (with spherical metric) endowed with the HausdorfF metric. We view C{[0,p)) as a 
subspace of Ti.{C) by identifying each e C{[0,p)) with G(^) E 'H(C'), where G(0 is the closure 
of {x + i^{x) : < a; < p} in C. Then Pr(C([0,p))2) becomes a subspace of Pr(W(C)2). Let 
V G Pr('H(C)^) be a subsequential limit of (i^")n6N- Let vi and 1^2 be the marginals of u. Since 
for each n £ N, Uj' = fij for j = 1,2, so vi = ni and 1/2 = ^12- Since /xi,/i2 £ Pr(C([0,p))), 
so G Pr(C([0,p))2)). Now suppose the joint distribution of ^1 and ^2 is y instead of ^. Let 
Kj{t), (3j{t), Kjj{t) and (3ij{t) be as before. Since ui = ^1 and 1^2 = 1^-2, so for j = 1,2, Kj{t), 
< t < p, is still an annulus SLE(«;, Aj) process in Ap started from aj with marked point aj^^-j. 
So we have (i). From Theorem 14.21 (i) it is easy to see that for any (Ji, J2) £ JP, the joint 
distribution of {Ki{t) : <t < Ti(Ji)) and {K[^2{t) : < t < T2[J2)) is absolutely continuous 
w.r.t. the product measure of these two distributions, and the Radon-Nikodym derivative is 
M(ri( Ji), T2( J2)). Moveover, it is easy to check that, for j ^ k £ {1,2}, \i < p is an 
(J^/^)-stopping time, then Tj{tk) = sup^gfsj{Tj( Jj") : < Tk{J]^)}. From the discussion before 
this proof, one can conclude that (ii) also holds. The reader may read Section 4.3 in [26] for 
the details of this argument. □ 

Remark. The condition (14.21) in Theorem l4.1l is used to guarantee that F is uniformly bounded 
when the first variable is bounded away from and cxd. If we do not assume this condition, then 
the statement of the theorem should be modified. For j = 1,2, let Sj be the biggest number 
in (0,p] such that T Kj(t) for < t < Sj. In Theorem 14.11 the condition tk < p should be 
replaced by tk < Sk] the range of Kj(t) should be < t < Tj{tk) A Sj instead of < t < Tj{tk); 
and others can be kept unchanged. In the case k < 4, we have a.s. Sj = p, j = 1,2, which 
implies that the theorem holds without modification if we do not assume (]4.2p . 

Using the idea in the proof of Theorem l4.lt we can also prove the following theorem. 

Theorem 4.3 Let k > 0. Suppose A is a C^'^ differentiable chordal-type annulus drift function, 
and satisfies the following PDF: 

A = |a" + (3 - H" + AH' + HA' + AA' (4.58) 
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on (0, oo) X (M \ {2mT : n £ N}). Let Ai = A, and A2 be the dual function of A . Then for 
any p > and ai 7^ 02 G T, there is a coupling of two processes Ki{t), < t < Ti, and K2{t), 
< t < T2, such that for j ^ k £ {1,2} the followings hold. 

(i) Kj{t), < t < Tj, is an annulus SLE{n, Aj) process in Ap started from aj with marked 
point a^. 

(a) If tk € [0,Tk) is a stopping time w.r.t. {Kk{t)), then conditioned on Kk{t), < t < tk, 
after a time-change, Kj{t), <t < Tj{tk), is a stopped annulus SLE{k, Aj) process in Ap\ 
Kkitk) started from aj with marked point (3k{tk), where f3k is the trace that corresponds to 
Kk{t), < t < Tk, and Tj{tk) is the maximal number in (0, Tj] such that Kj{t)r\Kk{tk) = 
/orO < t < Tj{tk). 

4.5 The limit cases 

In some sense, Theorem 14.11 and Theorem 14.31 still hold in the limit case, i.e. when p = 00. In 
the next section, we will prove a theorem about constructing a coupling of two whole-plane 
SLE processes, which can be viewed as the limit case of Theorem 14.11 In this subsection, we 
will state without proof about the limit case of Theorem 14.31 which is Theorem 14.41 below about 
constructing a coupling of two radial SLE(k, A) processes. 

Suppose A is a C"^ function on M \ {2n7r : n G Z} with period 2it. Let k > and B(t) be a 
Brownian motion. Let a / 6 G T. Choose xo,yo G M such that = a and e*^" = b. Suppose 
Cit)^ < t < T, is the maximal solution that solves the SDE: 

dm = ^dB{t) + A(^(i) - g^it, yo))dt, m = ^o, 

where g^{t, •) are covering radial Loewner maps driven by ^. Then we call the radial Loewner 
hulls driven by ^ the radial SLE(k, A) process in D started from a with marked points and 
b. Here is a marked point because it is a special point in the radial Loewner equation. Via 
conformal maps, we can define radial SLE(k, A) process in any simply connected domain D 
started from one boundary point with a pair of marked points: one is an interior point, the 
other is another boundary point. We have the following theorem. 

Theorem 4.4 Let k > 0. Suppose A satisfies 

= ^ A" + (3 - I) cot'a +A cot'a + cot2 A' + AA' (4.59) 

on (M \ {2mr : n £ N}). Let Ai = A, and A2(x) = — A(— x) . Then for any oi 7^ 02 G T, 
there is a coupling of two processes Ki(t), < t < Ti, and K2{t), < t < T2, such that for 
j ^ k £ {1,2} the followings hold. 

(i) Kj{t), <t <Tj, is a radial SLE{n,Aj) process in D started from aj with marked points 
and a^. 
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(ii) If tk G [0,Tfc) is a stopping time w.r.t. {Kk{t)), then conditioned on Kk{t), < t < tk, 
after a time-change, Kj{t), < t < Tj{tk), is a stopped radial SLE{k, Aj) process in 
D \ Kk{tk) started from aj with marked points and f5k{tk), where Pk is the trace that 
corresponds to Kk{t), < t < T^, and Tj{tk) is the maximal number in (0, Tj] such that 
Kj{t) n Kk{tk) = $forO<t<Tj (tk) . 

The covering radial Loewner equation is very similar to the strip Loewner equation (c.f. 
[2][2Tj). Let ^ G C([0, T)) for some T £ (0, oo]. The strip Loewner equation driven by is 

g{t, z) = coth2(5(t, z) - ^(t)), 5(0, z) = z, 

where coth2(z) = coth(z/2). For < t < T, let K{t) be the set of z G = {z G C : Imz G 
(0,7r)} such that solution g{s,z) blows up before or at time t. Then g{t,-) maps S,r \ Kit) 
conformally onto §7^, and fixes +00 and —00. We call K{t) and g{t,-), < t < p, the strip 
Loewner hulls and maps driven by ^. 

Let K > and B{t) be a Brownian motion. The standard strip SLE^ is defined by choosing 
^(t) = y/K,B{t), < t < 00. The corresponding trace is defined by 

(3{t) = lim g{t, -y^iHt)), < t < cx). 

Such /? is a continuous curve in started from 0. The behavior of (5 depends on k in the same 
way as radial and annulus SLE^ does. 

Suppose A is a C"*^ function on (0, cxd). Let a > & G M. Suppose ^(t), < t < T, is the 
maximal solution of the SDE: 

di{t) = ^dB{t) + A{i{t) - g^ (t, b))dt, C(0) = a, 

where g^{t,-) are strip Loewner maps driven by ^. Then we call the strip Loewner hulls driven 
by ^ the strip SLE(k, A) process in S^^ started from a with three marked points: b, +00 and 
—00. If A is on (—00,0) and a < 6 G M, using the same equation we may define strip 
SLE(k, A) process in started from a with marked points 6, +00 and —00. Via conformal 
maps, we can define strip SLE(k, A) process in any simply connected domain D started from 
one boundary point with a triple of marked boundary points. The following theorem is similar 
to Theorem 14. 4( and in some sense can be viewed as the limit of Theorem 14.31 when p — > 0. 

Theorem 4.5 Let k > 0. Suppose A{x), < x < 00, satisfies 

= ^ A" + (3 - ^) coth'2 +A coth's + cotha A' + AA'. (4.60) 

Let Ai = A, and A2(x) = — A(— x) . Then for any ai > 02 G M, there is a coupling of two 
processes Ki{t), <t < Ti, and K2{t), <t < T2, such that for j ^ k £ {1,2} the followings 
hold. 
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(i) Kj{t), <t <Tj, is a strip SLE{K,Aj) process in Sj^ started from aj with marked points 
Ofc, +CXD and —oo. 

(ii) If tk £ [0,Tfc) is a stopping time w.r.t. {Kk{t)), then conditioned on Kk{t), < t < tk, 
after a time-change, Kj{t), < t < Tj{tk), is a stopped strip SLE(k, Aj) process in 
STr\Kk{tk) started from aj with marked points Pk{tk), +oo and —oo, where (3k is the trace 
that corresponds to Kk{t), < t < T^, and Tj{tk) is the maximal number in (0, Tj] such 
that Kj{t) n Kk{tk) = $ forO<t< Tj{tk). 

The general solutions to ()4.59p and (j4.60p can be expressed in terms of hypergeometric 
function. Some particular solutions can be expressed in terms of trigonometric or hyperbolic 
functions. For example, Ai(x) = (k/2 — 3) cot2(x) and Ai(a;) = cot2(a;) solve (|4.59p . The radial 
SLE(k, Ai) process is actually the usual chordal SLE^ process aimed at the marked boundary 
point, so the interior marked point does not play a role. The radial SLE(k, A2) process is 
the chordal SLE^ process aimed at the marked boundary point conditioned to pass through 
the marked interior point (c.f. [3]). Two other particular solutions to (j4.59p are A3_4(j;) = 
(K/4-l)cot2(a;)±(K/4-2)csc(x/2). Similarly, A5(x) = (k/2-3) coth2(x) and Aq{x) = coth2(x) 
solve (I4.60j) . The strip SLE(k, A5) process is actually the usual chordal SLE^ process aimed 
at the marked boundary point other than ±00. Two other particular solutions to (j4.60p are 
A-j^^{x) = (k/4 - 1) coth2(2;) ± (k/4 - 2) csch(2;/2). 

4.6 The deterministic cases 

Theorem 14. H Theorem 14.31 Theorem 14. 4| and Theorem 14.51 all hold when k = 0. In that case, 
the processes are deterministic, we can not apply Girsanov Theorem, and the function F in 
Lemma [3] does not exist. But the proofs turns out to be simpler. Now we consider Theorem 
14.11 when k = 0, for example. All formulas in Section [4.11 and (j4.46p and (|4.47p still hold. 
For {j. A;} = {1,2}, define Ut and Vfc on T) such that 

Uk = Ak,iAk{ui,Xk)+2,^- Vk = ^. (4.61) 

Ak,l Otj 

Fix j ^ k g {1,2}. If tj = 0, then Ak^i = 1, Ak^2 = 0, m = p-tk, and Xj, = ^k{tk) -9i,k{tk,Xj). 
From (|4.46p . ^k satisfies d^ki^k) = Uk\tj=odtk- Similarly, satisfies d^j{tj) = Uj\tf.=odtj. From 
(j02]) . (fOT]) . and that H/(p, •) is odd, Xj and Xk satisfies 

—Xk = -Q^Xj = -A,- i[[/,|t,=o] + 3A,-,2 + 4iHKm, Xk). (4.62) 

From (irai) . (02D . (fOB . (f02]) . (imi) . gJ2]), and that H'^(p, •) is even, H^'(p, •) is odd, 
we have 

Vk = ^fc,i4iH'j(m,Xfc)Afc(m,Xfe) - Ak,iAl^kk{ui, Xk) + 3^fe,i4iH';(m, Xfc) 
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+Ak,iA'k{m, Xk){-Aj^i[Uj\t^=o] + 3^j,2 + iH/(m, X^)}. 
Since (|4.ip holds with k = 0, so from the above formula, we get 

Vk = Ak,iAj^Mm,Xk){Uj - Uj\t^=o}, 

which implies that 

Viiti,t2) = Rih,t2) [ ' V2isi,t2)dsi, (4.63) 



V2{h,t2) = R{ti,t2) r Vi{ti,S2)ds2, (4.64) 
Jo 

where R := ^i,iA2,iA'i(m, Xi) = ^i,iA2,iA'2(m, X2). 

The only solution to (|4.63p and (j4.64p is Vi = V2 = 0. So we have Uj = Uj\t,,=o- From 
(j4.62p and that H/(p, •) is odd, we have 

J-X, = A,^,U, - 3^,, 2 + 4iH/(m,X,) = 4iAj(m,X,) + A^^.Ujim, Xj). 

From (I4.40p . (I4.3ip . (I4.33p . and the above formula, we see that 

Since Cj,tk{'tj) = Cj,tkivj,tk{tj)) and gi,j,tk{tjr) = hi,j,tkivj,tk{'tj), so from (g^l), (|4.15p . (|4.3ip . 
and the above formula, Cj,ife (*) satisfies 

dCj,tt:{t) = Aj{p-tk -t,Cj,tt:{t) -hl,j,tt:{t,^k{tk)))dt. 

When j = 1 and k = 2, this equation agrees with (I4.57|) when k = 0. Arguing as in Section [4.31 
we can complete the proof of Theorem 14. II in the case k = 0. 



5 Coupling in the Degenerated Case 

In this section, we will prove the following Theorem. Recall that Io{z) = 1/z. 

Theorem 5.1 Fix k > 0. Suppose A satisfies the conditions in Theorem \4-i\ Let T be given 
by Lemma^ Moreover, suppose that limp_^oo r(p, x) = 1 uniformly in x £M. Let Ai = A and 
A2 be the dual function of A. Then there is a coupling of two processes Ki^i{t) and Ki^2{t), 
—CO < t < 00, such that for j 7^ A; G {1,2}, the followings hold. 

(i) Kjj{t), —00 < t < 00, are whole-plane SLE^ hulls in C from to 00; 

(a) Lettk be a finite stopping time w.r.t. the filtration generated by {Ki k{t)). Then conditioned 
on Kj^k{s), —00 < s <tk, the process Kij{tj), —00 < tj < Tj{tk), has the distribution of 
a disc SLE{k, Aj) process in C\Iq{K i j.[tk)) started from Q with marked point (3k{tk) , where 
Tj{tk) is the maximal number in M such that Kj{t) Ci Ip{Kk{tk)) = for —00 < t < Tj{tk), 
Pki^k) = Io{f^i,ki'tk)), CLiT'd Pi^kit) is the trace that corresponds to {Ki k{t)). 
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5.1 Ensemble 

The argument in this subsection is parallel to that in Section l4.ll Let ^i,'^2 £ C(M). For 
j = 1,2, let Kjj{t) and gij{t,-) (resp. Kj{t) and gj{t,-)) be the whole-plane (resp. inverted 
whole-plane) Loewner hulls and maps driven by (,j{t), t G M. Let Kij{t), g[j{t,-), Kj{t), 
and gj{t,-) be the corresponding covering hulls, and maps. So we have Kj{t) = lQ{Kj j{t)), 
gj{t, ■) = Iqo gi,j{t, •) o Jo and gj{t, ■) = Iqo 9i,j{t, •) o Iq- Define 

P = {(ti,t2) :i^7,i(ti)ni^2(t2) =0} = {(ti,t2) :i^i(ti)nK/,2(i2) =0}. 

For (ti,t2) G I^, C \ Ki{ti) \ Ki^2{t2) and C \ Ki^i{ti) \ ^^'2(^2) are doubly connected domains 
with the same modulus, so we may define 

m(ti,t2) =mod(C\Ki(ti)\i^/,2(t2)) =mod(C\K,,i(ti)\i^2(t2)). (5.1) 

Fix any j ^ k £ {1, 2} and G M. Let Tj{tk) = supjtj : Kjj{tj) n Kj.{tk) = 0}. Then for any 
tj < Tj{tk), we have (ti,t2) £ T^- Moreover, as tj — > Tj{tk)~ , the spherical distance between 
Kjj{tj) and K]^{tk) tends to 0, so m(ti,t2) 0. 

From Proposition l2.3^ Kjj(tj), —00 < tj < 00, is an interior Loewner chain in C started from 
0. Since for —00 < tj < Tj{tk), Kjj{tj) lies in C\Kk{tk), so Kjj{tj), —00 < tj < Tj{tk), is also 
an interior Loewner chain in C \ Kk{tk). Let Kjj^tki'^j) — 9kitkT ^^ijitj)). Recall that gkitkr) 
maps C\Kk{tk) conformally onto D, and fixes 0, so Kjj^tkitj), —00 < tj < Tj{tk), is an interior 
Loewner chain in B started from 0. Now we apply Proposition 12.51 For —00 < tj < Tj{tk), let 

Vj,t,{tj) := - mod(D \ Kij,t,{tj)) = - mod(C \ Kk{tk) \ Kjj{tj)) = - m(ti,t2). (5.2) 

Here the second "=" holds because gk{tk,-) maps C \ Kk{tk) \ Kjj{tj) conformally onto D \ 
Kij^tki^j)- Then Vj^t^ is continuous and increasing, and maps {— 00, Tj{tk)) onto (—00, 5) for 
some S £ (-00, 0]. Since m ^ as ^ Tj{tk)~, so 5 = 0. Let Ljj^tkii) = Ki,j,tki'"j,tk(^))^ 
—00 < t < 0. Then Lij^tki'^)^ ~oo < t < 0, are disc Loewner hulls driven by some Cj,tfc £ 
C((— 00,0)). Let Lj^tki't) be the corresponding inverted disc Loewner hulls. Let hjj^tk{t, •) and 
hj^t^it,-) be the corresponding disc and inverted disc Loewner maps. Let Ljj^tkit), Lj,t;.(t), 
hj j t^it, •), and hj^t^{t, ■) be the corresponding covering Loewner hulls and maps. 

For -cx) < tj < Tj{tk), let (j,tk{tj), Kj^t^{tj), gi,j,tk{tj,-), 9j,tk{tjr), Kij^t^itj), Kj^t^itj), 
9i,j,tki^jr), and gj^t^itj, be the time-change of CiA(t), Lj,tk{t)^ ^i,j,tk{t^ •)> •)> Li,j,tki't)i 

Lj^tkit), ^/,i,<fc(^> ■)) and /ij,tfc(t, •)) respectively, via Vj^t^- 

From Lemma I2.H for each fixed tj £ M and e > 0, gj(tj , Kj{tj + e) \ Kj{tj)) is a hull in D 
w.r.t. 0, and we have 

c^Vn-fi{9j{tj,Kj{tj +e)\ Kj{tj))) = e; (5.3) 
{e^S(*^)} = fl gj{tj,Kj{tj+e)\Kj{tj)), -00 < tj < 00. (5.4) 

£>0 
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From Lemma \T2\ for each fixed tj £ (— oo, Tj(tfc)) and e £ {0,Tj{tk) — tj), 

is a hull in A„^^. ^j^^) = A„i(t,^t2) w.r.t. T^^t^^^^^, and we have 

c^PAm(9j,t,itj,Kj^tdh + ^) \ Kj,tkih))) = ^j,tkih + ^) - ^j,tfe(*j); (5-5) 

{e*?..*J*.)} = Pi g^^t,{tj,K,,t,{tj+e)\K,^t,{tj)), -oo < t,- < (5.6) 

£e(o,T,(tfe)-t,) 

For -oo < tj < Tj{tk), let Gi^k,tk{tj,-) and Gi^k,tk{tjr) be defined by (fill]) and (fiJ2]) . 
Then Gi^k,t^.{tj-,-) maps D \ gj{tj, Kj^kitk)) conformally onto ^ (j^), and maps T onto T. 
Moreover, we have ()4.13p . Arguing as in Section [4.11 using (j5.4p and (j5.6p and the fact that 
(^j^t^ + 2mT generates the same disc Loewner maps as Cj,tkJ we conclude that (j^tk could be 
rechosen such that (j4.14p holds. From (j5.3p . ()5.5p . (j4.13p . and Proposition 12.1^ we can derive 
()4.15p . which then implies ()4.16p . 

Since gj(tj,-) are the inverted covering whole-plane Loewner maps driven by ^j, so from 
(j2.1ip and that H(oo, z) = cot2(2;), we see that g{tj, •) satisfies 

gj{tj,z) = 'H.{oo,gj{tj,z) - Cj{tj)), -oo<tj<oo. (5.7) 

Since gj,tk{'tj, •) = ^j,tki''^j,tki^j)^ ^i,j,tki^^') ^^e inverted covering disc Loewner maps 
driven by Cj-.i^, and Cj,tkitj) = Cj,tki'^j,tki'tj)), so from (|4.15p and ([52]), 9j,tk{ij, ■) satisfies (I4.18p . 
For j = 1, 2, let Xj be defined by (li^ni) : let Aj^h, h = 2, 3, and Aj^s be defined by (|03D 
and (I4.34[) . Arguing as in Section 14.11 but using (|5.7p instead of (14. 171) , we see that ()4.2ip , 
(02I1 . (lOOll . (|i^ . and (02]) stih hold here, and (|i:22]l holds here with p - tj replaced by 
oo. So we may define Q by (14.351) . Then ()4.44p still holds here. 
From Lemma l2.3t we have 

Q(ti,t2) = 0(e-"'(*^'*^)), as m(ti,t2) ^oo. (5.8) 

From Lemma [231 we see that, for j = 1, 2, 

\n{Aj^i{tiM)),Aj^s{ti,t2) = 0(m(ti,t2)e-'^(*^'*2)), as m(ti,t2) ^ oo. (5.9) 

The bounds in the two lemmas are uniform. This means that we have positive continuous 
functions /i and /2 on (0, oo) such that /i(x) = 0(e~^) and f2{x) = 0{xe~^) as x — > oo, and 
IQI < /i(m), I ln(A,-i)| < /2(m), and \Aj^s\ < /2(m), j = 1,2. 

From [Tj, tj is the whole-plane capacity of Kjj{tj), so diam(i^'7j(tj)) < 4e*J . Since G 
Kij{tj), so Kij{tj) C {\z\ < 4e*^}, which implies Kj{tj) C {\z\ > e~"*V4}. Thus, if ti + t2 < 
— ln(16), then the annulus {4e*^ < \z\ < e~*^/4} separates Kj^i{ti) and K2{t2)- So we have 

{(ti, t2) G : ti + t2 < - ln(16)} C P; (5.10) 
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m{ti,t2)> -ti-t2-ln{16), if{ti,t2)eV. (5.11) 
From dSSI), <^Mi (tSTTOll . and (ISlTT) . we see that 

^l,l(tl,t2)'^2,l(*l,*2)'Q(tl,t2) =0(e*i+*2), ti,t2^-oo. (5.12) 

From this estimation, we may define F{ti, t2) on D such that 

F{ti,t2) = exp ( f I Ai^i{si,S2fA2^i{si,S2fQ{si,S2)dsids'^. 

From (j5.12p . the two improper integrals both converge, and they are exchangeable. From 
Lemma [231 we have A^^s — > as tj — oo. Thus, from ()4.44p we see that (j4.45p still holds 
here, and 

\n{F{h,t2))= r Ai,s{si,t2)dsi = r ii^lfiiM.^ (si,t2)'d5i. (5.13) 

J-oo J~oo Ai^i{Si,t2y 

From (j5.9p we have = 0(me^™). By changing variable x = x{si) = m(si,t2) in (|5.13p 
^1,1 

and using (|4.16p we conclude that 

ln(F(ti,t2)) = 0(m(ti,t2)e-"^(*i'*2)), as m(ii,t2) ^ oo. (5.14) 

Again the bound is uniform, which means that we can find a continuous positive function 
on (0,oo) such that 73(2;) = 0{xe~^) as x ^ 00, and | ln(F)| < /3(m). 

Let r. A, Ai and A2, be as in Theorem 15.11 Let Ajj be the dual function of Aj, j = 1,2. 
So A/_2 = A, and A/^i is the dual function of A. Let r/_2 = F and F/^i(p, x) = T{p, —x). Since 
F and A satisfy (14. 3p and (14. 4p . and H/(p, •) is odd, so Fjj and Ajj, j = 1, 2, also satisfy (14. 3p 
and dmi). From (|4.32p . for (ti,i2) £ we may define 

Y{h,t2) = F7,i(m(ti,i2),^i(ti,t2)) = F/,2(m(ti,t2),X2(ti,i2)). (5.15) 
From the condition of F, we see that 

ln(y(ti,t2)) = o(m(ti,t2)) as m{ti,t2) 00. (5.16) 
5.2 Martingales in two time variables 

In this section, we will construct M{ti,t2) on T>, which is a local martingale in one variable, 
when the other variable is fixed. The argument here is parallel to that in Section 14.21 The 
difference is that the time variable here often runs in the intervals of the form (— 00, T) instead 
of [0, T), and Ito's formula may not be applied directly to these intervals. The way that we use 
to overcome this problem is to truncate the time interval. For example, suppose T is bounded 
below by rg, to show that a random process defined on (— oo,T) is a local martingale, we 
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suffice to show that is bounded near — oo, and for any to G (—00, tq), -/Vj(,(t) := N{to + t), 
< t < T — is a local martingale. Then we can apply Ito's formula to each Nt^. 

Fix K>0. Recall the definition of ^('"^(t), t E M, in SectionESl Let {B[''\t)) and {B[''\t)) 
be two independent copies of (B^^Xt)). Let ^^(t) = -B^^), t £ R, j = 1,2. We adopt the 
notation in the last section. Then Kjj{t) are whole-plane SLE^ hulls in C from to 00. 

For j = 1,2, and t G M, let be the completion of the a-algebra generated by e*(^j(s)), 
— cxD < s < t, with respect to the distribution of ^j. Then the whole-plane Loewner objects 
driven by are all (.F^)-adapted, because they are all determined by (e*(^j(t))), which is (J^j)- 
adapted. But {Cj{t)) may not be (.F/ )-adapted. Thus, Kj^i^t2{'ti) = 52,t2 is {J^li ^-^t^)' 
adapted. Since 97,1,42(^1, •) is determined by K/, 1,^2(51), —00 < si < ti, so (57,1,42(^15 •)) is 
{T}^ X ^^^2)"8'dapted. These 57,1,42 (*ii ") satisfies 57,1,42(^1, + 27r) = 57,1,42 (ti, + 2tx. So for 



= 1,2,3, gij^t^ih,-) has period 27r. Since Ai^h{h,t2) = 57,2,41 (*2,6(*i)), ^"^"^ (e*(6(*i))) is 



(J'^/^ )-adapted, so (Ai,/i) is (.F/^ x .7^^^^ )-adapted for h = 1,2, 3, so is (Ai,s) . For the same reason, 
(^2,/i), h = 1,2,3, and (^2,5) are all {J^l x ^.adapted. From and (ITOH . ^7,2,42(^1, •)) 

and G7,2,42(ti,-) are {J^^ x J^^ ).adapted. From gH]), (6^(^1,42(^1))) = (^7,2,42(^1, e'(6(ii)))) 
is {J'l X J^i^ ).adapted. From (OTD and (02D . (e^(Xi)) and (e^(X2)) are both (J^/^ x jr2 ). 

adapted. Prom (HH), (m(ti,t2)) is (^^4^ x jfj.adapted. Since /i = 0, 1,2,3, r7,j, and Ajj 

have period 27r in the second variable, so (Hj^''(m, Xi)), (Tij{m,Xj)), and (A7,j(m, X^)), are 
all {J^l_^ X J^f^)- adapted, so are (Q), (-F), and (Y). In summary, almost all processes we have 
are {J^^^ x .7^^^^ )"a'dapted except (^j(ij)), {^j,tk{'tj)), (^j,o), and (Xj). But the images of these 
functions under the map e* all become (.F/^ x .Ff^2)"^dapted. 

Fix ri,r2 G M with ri -|- r2 < — ln(16). Fix an (^(^)-stopping time t2 G (— oo,r2]. Since 
ri + t2 <ri+r2 < - ln(16), so from ([^10]) . ri < ri(t2) holds for sure. Let T^f^ = J^l x J^f^. 
Then (J^4\'*^)-oo<4i<oo is a filtration, and Ti(t2) is an (.F^*^'*^ )-stopping time. For < t[ < 00, let 



Bi,ri{t'i) = -j^{Bi'^\ri +t[) - B[''\ri)). Then Bi^nit'i) is an (j^^^ )(/ >o-Brownian motion. 



Since Ti{t2) is an (J'^^^' ^)-stopping time, and Ti(t2) > ri always holds, so Ti,rj(t2) := 
2^1(^2) — '''1 > is an (.F^V*^''^^)-stopping time. For < t'^^ < Ti,ri (t2) and j = 1, 2, define ^i,ri(t'i), 
6,t2,ri(ii), mri(t'i,t2), Aj^h,rAt'i,t2), h = 0,1,2,3, Aj^s,n{t[,t2), Xj^r{t'iM), and Yr{t'^,t2) to 
be 6(n + t'l), 6,i2(n + i'l), m(ri + t'^,t2), ^j,h(ri + t'i,t2), ^j,5(n + t'^M), ^j(n + t'i,t2), 
and Y{ri +t[,t2), respectively. Then {mr^{-,t2)), {Aj^h,ri{-,t2)), h = 1,2,3, (^j,5,ri(-, ^2)), and 
{Yr{-,t2)) are all (j;V*''''')-adapted. For < t[ < Ti^ri{t2) and j = 1,2, define 





(5.17) 



(5.18) 
(5.19) 
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Xj^r{t'i,t2) = Xj^riAM) - Xj>(0,t2). (5.20) 

Then (Ci,ri), (Ci,t2,ri), (^iAn (•> ^2)), and {Xj^r{-,t2)) are all (J^V*^'''')-adapted. And ^i,ri(t'i) = 



y^Si^n (i'l)- From now on, we will apply Ito's formula repeatedly, all SDE will be {T^,' ^'''^)- 
adapted, and t'^ ranges in [0, Ti^^i (^2))- 
For < t'l < Ti,,.^(t2) and x'e M, let 

From (gUD, dSHD, and ([5T8]) . we have 

= (5.21) 

Since G/^2,t2(^i5 ") is x -measurable, satisfies that 01^2,12(^1, z + 2tt) = Gi^2,t2{ti, z) + 27r, 
and e*(^i(ri)) is -measurable, so {Ht2,rAAi')) is (.7-"^V*^'^^)-adapted. It is clear that 

<)^(t;,x) = Gfl,^{n+t',Mri) + x), h = l,2; (5.22) 

Ht2,rAt'i,x) = Gi,2,t2{ri+t[,^i{n)+x). (5.23) 
From (ICT]) . (|i33]l . (lOTjl . ([5:22D . and (|5:23]) . we have 

f^ei,t2,ri(t'i) = ^i,i,n(i'i,*2)dei,n(4) + (^ - 3)Ai,2,n(t'i,t2X. (5.24) 
From (|4.40p and (|5.19p . we have 

diA2,o,rAt'i,t2) = -Al^^,^lIi{mr„Xi)dt[. (5.25) 

From Km . (03]) . (|5l8l) . (|5T9D . and (lOOD . Xi,^,(fi,t2) = 6,t2,ri (t'l, ^2) - ^2,o,n (*i> ^2)- So 
from ([Oil) and (lOSl) . Xi,^^ satisfies 

aili,,, = ^i,i,n9ei,ri(t'i) + (^ - 3)Ai,2,nat'i + A?,i_,^H/(m,,,Xi,,jat;. (5.26) 

Let j = 1 and A; = 2 in (j4.4ip . Then we obtain 

^2 H',(m,,,Xi,,J9t;. (5.27) 



<9l^2,l,ri 



^2,l,ri 

Let a and c be as in (j4.50p . Using (j4.22p with p — tj replaced by 00, we compute 

^^^^ = a ■ 4^ • dCi,r, (t'l) + ^A,,s,rM + a^?,i,,,r(m,J5t; - ar{oo)dt[, (5.28) 
which is similar to ()4.5ip when j = 1 and k = 2. 
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For 0<t[< Ti^riit2) and xeR, let 

ft,,rAA,x) = ^lA^rAA,t2),Xi{n,t2) + X). (5.29) 

From ()5.15p and (j5.20p . we have 

Yrj^{t'i,t2) = /t2,ri(ili^l,ri(i'l)*2)- (5.30) 

Since F/^i has period 2-k in the second variable, and (e*(Xi(ri, ^2))) is J^ri ^ .^^.-measurable, so 
ift2,ri{t'i,-)) is (J^jV*'''''')-adapted. From we have 

/t2,ri(i'l,2;) = -Ai^i^ri{t'i,t2fti^i{mrj^{t[,t2),Xi{ri,t2) +x). (5.31) 

/£n(4,^)=rKKi(t'i,t2),^i(ri,t2)+x), /i = l,2. (5.32) 
From dM]), (I13D, (IOGD . (ICTI) . (OOI) . (IOTI) . and (l532]l . we have 



y 



+ — (^i,i,riH/(mr,,Xi,ri) + A/,i(m,.,,Xi,ri)^i,2,ri j^i'i- (5.33) 



2k r^'^'^i 

This is similar to (|4.49|) when j = 1 and k = 2. 
Define M on P such that 

M = Al^Al^F-^/^Y expiaTiim)). (5.34) 
For < < Ti{t2) - ri, let Fr,it[,t2) = F{ri + t[,t2) and Mr,{t[,t2) = M(ri + t[,t2). Then 

Mr, = Al^^r,Al^,nFr7^''Yr, exp(aR(m,,J). 

From (f4T5D . (fOHjl . (fCTj) . (fCTjl . (fOHj) . and using R'(t) = r(t) - r{oo) and 6,ri(t'i) = 
^/KBi^nit'i), we compute 



3-77 -r^ h A/,i(mr^,Xi,^J^i,i,r^ . (5.35) 



2/ ^l,l,ri 



Since i^i^r^ (t'^^) is an (^^V*^''^^)-Brownian motion, so {Mr,{t\,t2) = M{ri + ti,t2),0 < t\ < 
Ti{t2) — Ti) is a local martingale. Thus, {M{ti,t2) ■ ri < ti < Ti{t2)) is a local martingale. 
This holds for any ri G (—00, — ln(16) — r2), if r2 G M is an upper bound of t2- Thus, for any 
fixed (.F^^)-stopping time t2, which is uniformly bounded above, {M{ti,t2) ■ —00 < ti < Ti(t2)) 
is a local martingale. Since the definition of M is symmetric in ti and t2, so for any fixed 
(.F/)-stopping time ti which is uniformly bounded above, (M(ii,t2) : —00 < t2 < T2(ti)) is a 
local martingale. 
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From (j5.9p . (|5.14p . (j5.16p . and that R(p) = 0{e ^) as p ^ oo, we see that there is a positive 
continuous function / on (0, cxd) that satisfies lim^^^oo f{x) = such that 

|ln(M(ti,t2))| </(m(ti,t2)). (5.36) 

Let J' denote the set of Jordan curves in C \ {0} that surround 0. For J £ J' and j = 
1,2, let Tj{J) denote the smallest t such that Kj{t) D J ^ 9. RecaU that Io{z) = 1/z and 
Kj{t) = Io{Kij{t)). So Tj{J) is also the the smallest t such that Kij{t) n Io{J) / 0. Let Hj 
denote the closure of the domain bounded by Iq{J). Then Hj is an interior hull in C. Let cj 
denote the whole-plane capacity of Hj, and d,j = dist(0, Io( J)). If Kfj{t) C Hj, then t < cj 
as t is the whole-plane capacity of Kjj{t). We have seen that Kj j{t) C {\z\ < 4e*}. Thus, if 
Kjj{t) n J 7^ 0, then t > ln((ij/4). So we have 

Hdj/A)<Tj{J)<cj. (5.37) 

Let JP denote the set of pairs (Ji, J2) G such that Io{Ji) n J2 = and Io{Ji) is 
surrounded by J2. This is equivalent to that Io{J2) H Ji = and Io{J2) is surrounded by Ji. 
Then for every (Ji, J2) G JP, i^/,i(ti) n ^^2(^2) = when ti < Ti{Ji) and t2 < T2{J2), so 
(-CX),Ti(Ji)] X (-oo,r2(J2)] C V.' 

Lemma 5.1 (Boundedness) (i) Fix (Ji, J2) G JP. T/ien | ln(M)| is bounded on (— oo,Ti(Ji)] x 
(— oo,T2(J2)] by a constant depending only on Ji and J2- (ii) Fix any j ^ k £ {1,2} andT^^'R. 
Then M ^ 1 as tj ^ —00 uniformly in t^ G (— oo,Tfc]. 

Proof, (i) From (I5.36P we suffice to show that m is bounded away from on {—oo,Ti{Ji)] x 
(— 00, r2( J2)]. Let L'(Ji, J2) denote the doubly connected domain bounded by Io{Ji) and J2. 
Letpo > denote its modulus. For (ti,t2) G (— 00, Ti( Ji)] x (— cx), T2( J2)], F>{Ji,J2) disconnects 
KiA{ti) from K2{t2), so from (jS.ip we have m{ti,t2) > po- (ii) This follows from (j5.10p . (j5.1ip . 
and (I06]) . □ 

Now we define 2? = I?U{— 00} x [—00, 00) U [—cxd, 00) x {—00}, and extend M to P such that 
M = 1 if ti or t2 equals to —00. From Lemma l5.H we see that M is positive and continuous 
on v. So we can conclude that for any fixed j ^ k £ {li2} and any fixed (.F/^)-stopping time 
tk which is uniformly bounded above, M is a local martingale in tj G [— 00, Tj(tfc)). 

5.3 Local coupling 

Let /ij denote the distribution of (^j), j = 1, 2. Let ^ = fiix 112- Then ^ is the joint distribution 
of (^1) and (^2) since ^1 and ^2 are independent. Fix (Ji, J2) G JP. From the local martingale 
property of M and Lemma l5.ll we have E^[M(ri( Ji), T2(J2))] = M(— 00, — cxd) = 1. Define 
v,ji,j2 such that duj^j^ = M {Ti{Ji) ,T2{J2))dfi. Then J^j^^jj is a probability measure. Let vi 
and 1^2 be the two marginal measures of I'ji^ji- Then dvi/d^i = M(Ti(Ji), — 00) = 1 and 
du2/dpL2 = M(— 00, T2( J2)) = 1) so Vj = fij, j = 1, 2. Suppose temporarily that the distribution 
of (^1,^2) is t^Ji,j2 instead of /i. Then the distribution of each (^j) is still fij. 
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Now fix an (J^j^)-stopping time t2 € (— cxd, J2)]. Fix ri G (— 00, ln(dj^/4)). From (|5.37p 
we have ri < Ti(Ji). Let Ti^niJi) = Ti{Ji) — ri > 0. For < t'^ < Ti^niJi), define 



1 /-^i 



K\ A 



l,2,ri 



2^ All 



,i,ri 



J (si,t2) 



Since Si^ri(i'i) is an (^V*^'^^)-Brownian motion under /x, so from (j5.35p and Girsanov tlieorem, 



Bi,t2,ri{'ti), < < Ti j,^(Ji), is an (^^V*^'''^)-Brownian motion under vj^^j^. Since '^i,ri(*i) 
y/KBi^ri{t'i), so ^i,ri(ii)> < < Ti^ri(<^i), Satisfies the SDE: 



3- - 



2J A 



+ A7,i(mri,Xi,ri)Al,l,' 



{t'i,i2) 



From ()5.24p and the above formula, we see that ^i,t2,ri{t'i), < t'l < Ti^niJi), satisfies 

d^l,t2,rM = V^Ai^lnit[,t2)dBi^t2,rAt'l) + [A/,lK,,Xi,,JA2i,,J|(,,^,^)dt'i. (5.38) 

Let rf = 'Vi,t2(?'i), and 

^^i,t2,ri(i'i) = vi^t^in + t'l) -rl, < t[ < Ti,,,(t2). (5.39) 



From (j5.2p we see that (??i,t2,ri) is also {T^,' ^''^^)-adapted. From (j4.15p . we have 

Kt2,rAt'l) = Al,l,n(t'l,t2)', < t'l < Ti^r,{t2). 



(5.40) 



Since vi^t2,ri is continuous, increasing, and maps [0, Ti^n (^2)) onto [0,— r^), so Vip^^i ^^^^ 
defined on [0, —r\). We now extend v^l^ ri *° t^i c«) such that if t > — then i;^"^^ ^_^{t) = 00. 

Since (wi ri(t\)) is (.F,V*^'^M-adapted, and Tiri(t2) is an (.F.V*^ '""^ )-stopping time, so for each 

' ' ''1 ' '-1 

t G [0,00), ri(0 is (J'-"^/'*^'''^)-stopping time. Since v^l^ ^_^{t) increases in t, so we have a 



new filtration {Tj^l " ,.-.)t>Q 



"1,42 >n 

For —CXD < s < and < t < — s, let 
Recall that ^i,f2(ii) = Ci,t2 ('^i,t2 From (j5.18p and (j5.39p . we have 



(5.41) 

(5.42) 



Thus, (Ci,t2,ry(0) is (J^il*?'''\,J-adapted. From (I08|) and (I5:i0|) . there is an (J^ii*?'''\ )- 

Brownian motion S(t) such that Ci,t2,r'|'(^)) < t < t?i^j2,ri(?'i,ri(<^i))) satisfies the {!FIj11'^^ )- 
adapted SDE: 

dCiM,rl{t) = + A/,i(m,,(?},-i^,^(t),t2),Xi,,,(?},-i^,^(t),f2))dt. (5.43) 
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Let t G [0, -rf). From (|539]) . we have 

viM'ri+vil,rM=^i+t- (5-44) 

From (j5.2p and ()5.44p . we have 

mn(^^M2,n(i)>i2) = -^^i,t2(n = -r'l - t. (5.45) 

Since Ci.taC^i) = Ci.ta (^'i,t2 (*i)) and 5/,i,t2(*i> •) = ^/,i,t2(^^i,t2(*i)> so from (|4.3ip, and (|5.44p, 
we have 

^i,n(^^i":t2,nW,i2) = Xi(ri +t}i;,\^,^(t),f2) = Ci,t2K + *) -^/,i,t2W + i,e2(t2)). (5.46) 

So from (j5.43p . ()5.45p . and (j5.46p . we see that Ci,t2,ri{t), < t < vi^t2,rA'^i,ri{Ji)) , satisfies 

dCiM,rl (t) = V^dB{t) + A,,i(-r]' - t, Cim (^i + " ^/,i,t2 (^^ + ^2(^2)))^*. (5.47) 

Since t2 < 72 (J2), so Io{Ji) is a Jordan curve in C \ K2{t2) \ {0} surrounding 0. Since 
32(^21 •) maps C \ ^^2(^2) conformahy onto D, and fixes 0, so 52(^2) Io{Ji)) is a Jordan curve in 
B \ {0} surrounding 0. Let 

d(Ji,t2) = dist(0, 92(^2, /o(Ji))), m(Ji,i2) =mod(D\ [0,d(Ji,t2)]). 

From an argument using extremal length (c.f. [I]), if L is an interior hull in D such that G L 
and Lr\{\z\ = diJiM)] + 0, thenmod(D\L) < m(Ji, J2). Since K/,i(ri(Ji))n/o(^i) / and 

i^/,i,t2(ri(Ji)) = g2(t2,i^/,i(Ti(Ji))), so i^/,i,t2(ri(Ji)) n52(t2,/o(JO) / 0- So K/,i,t,(ri(Ji)) 

satisfies the property of L. Thus, from (15. 2p we have v\^ti^\{.J\)) ^ —fn(^J\^t2). 

Fix to £ (— c>o, — m(Ji, t2))- Then to < f^i,t2(^i('^i)) holds for sure. From (j5.37p . we have 
T2{J2) < cjj. Choose sq G (—00, to) and n G (— oo,so — cjj — ln(16)). Since t2 < T2{J2), 
so from (|5.2p and (j5.1ip . r\ = t'i,t2(^i) < •so always holds. Fix any s G [so,to]- Then s — r\ 
is a positive random variable. We claim that s — r\ is an {J-jJ^f'^^ )-stopping time. Now 

we prove this claim. Fix any a,b £ [0, 00). Since Vil^ ni'^) is an (.F^,'*^'''^)-stopping time, so 
iKl.ni'^^ - ^} ^ ^b'^^'^'- On the other hand, since vi^t2 (t) is (-^t^'*^ )-adapted, so 

{s-r^,<a} = {vi,t,{r,) > a + s} G J'^f' = J'^'''''' C 

So {s — r]' < a} n (a) < 6} G J^^'^^'^'^ always holds. Since this holds for all b G [0, 00), so 

{s — < a| G .F^l*?'^^ , Since this holds for all a G [0, 00), so s — rV is an (.Fil*?'^^ , ,)-stopping 

time. Thus, the claim is proved. For s G [so,to]) let Gs denote the cj-algebra obtained from the 
filtration {J-^'^i'^^ ) and its stopping time s — rf. Then {Gs)so<s<to is an filtration. 

'"l,t2,riW 
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Let Btoit) = B{to -rf +t) - B{to - r\), t > 0. Since B{t) is an (J^il*?'''' )-Brownian 

motion, so BtQ^t) is a Brownian motion independent of Gto- From (j5.4ip and ()5.47p . we see that 
forO<t<7;i,t,(ri(Ji))-to, 

^Bt^{t) = Ci,t2{to + t) - Ci,tM - / A/,i(-s,Ci,t2(s) - ^/,i,t2(s,6(i2)))ds. (5.48) 

-'to 

From (I5.44P and that 6,(2(^1) = Ci,t2(^^i,t2(*i))> we have 6,t2(n +^^M2,ri(0) = Ci,t2(?'i + 0- 
Since (e*(6,i2(^i + *i))) is (J^,V*''''')-adapted, so (e*(Ci,t2 (''i + *))) is i^Fb-!'"'' )-adapted. Fix 

s G [so,to]- Since s — rj" is an {T^^f'^^ )-stopping time, and Qs is the ci-algebra obtained from 

the above filtration and its stopping time s — rf, so e^iCi^i'^)) ~ ^*(Ci,t2('^r + (■^ ~ ^1))) is Gs- 
measurable, s G [so,io]- Since is independent of , and C Qt^ for s G [so,io]) so Btg{t) 

is independent of (e*(Ci,t2('5)))so<s<to- Since this holds for any sq £ {—00, to), so Bt^it) is inde- 
pendent of (e*(Ci,t2(s)))-oo<s<to- Since this holds for any io £ {—oo,—m{Ji,t2)), and /i/^i^t2 ") 
are covering disc Loewner maps driven by ^1,42(^1 so from (j5.48p and the remark after Definition 
13.41 conditioned on J^f^, Ci^jj is the driving function of a stopped disc SLE(k, Ai) process in D 
started from with marked point e*^^^*^^ Since Li^i^t2{^) ^-I's disc Loewner hulls driven by Ci,t2) 
g2{t2,-) maps C \ K2{t2) conformally onto D, fixes 0, and 52(^2, 1(^1)) = -Z>/,i,t2(^i^t2(*2)), 
so conditioned on Tf^, after a time-change, —00 < ti < Ti(Ji), is a stopped disc 

SLE(k, Ai) process in C \ ^^2(^2) started from with marked point (72(^2; Now 
if Pi,2{t), i G M, is the whole-plane SLE^ trace that corresponds to Kj^2{t), then the marked 
point is 52(^21 •)~^(e*^^'^*^)) = /o(/3/,2(i2)) = P2{t2)- Using an a symmetric argument, we see that 
if ti is any (.F/)-stopping time and ti < ri(Ji), then conditioned on after a time-change, 

Ki,2{t2), —00 < t2 < ?2(J2), is a stopped disc SLE(ft;, A2) process in C \ i^i(ti) started from 
with marked point = /o(/3/,i(^i))- 

5.4 Global coupling 

The proof of Theorem 1 5 . 1 1 can be now completed using the theorem below and the argument in 
Section 

Theorem 5.2 Suppose n G N and ( J{", J™) G JP, 1 < m < n. There is a continuous function 
M^{ti,t2) defined on [—00,00]^ that satisfies the following properties: 

(i) = M on [-oo,ri(Jf )] x [-oo,r2(J^)] for I < m < n; 

(a) M^:{t, —00) = Af*(— 00, t) = 1 for any t G [—00, 00]; 

(Hi) M{ti,t2) G [Ci,C2] for any ^1,^2 G [—00,00], where C2 > Ci > are constants depending 
only on J™, j = 1,2, 1 < m < n; 
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(iv) for any fix j ^ k ^ {1, 2} and any any [J^^]- stopping time tk G [—00, 00], M^, is a hounded 
{J^l. X J^^^)_oo<tj<oo-'martingale in tj. 

This theorem is similar to Theorem 14.21 so may be proved using the idea in the proofs of 
Theorem 6.1 in [25j and Theorem 4.5 in [2^. The function M^, could be constructed in the 
same way as in the discussion after Theorem 14.21 with [0,-] replaced by [— oo,-]. Lemma l5.ll 
will be used here to prove (iii). The local martingale property of M and the boundedness of 

yield (iv), the martingale property of M^:. 

Using Theorem 1 5 . 1 1 and the idea in the proof of reversibility of chordal SLE^ when k £ (0, 4] , 
we can conclude the following Theorem. 

Theorem 5.3 Let k £ (0,4]. Suppose A satisfies the condition in Theorem \5.1\ and the follow- 
ing condition: if f3{t), —00 <t <0, is a disc SLE{k,A) trace in D started from with marked 
point h, then a.s. \\m.t^Q f3{t) = b. Then the whole-plane SLE^ trace is reversible, and the disc 
SLE{k.,A) trace is the reversal of radial SLE,^ trace. In other words, if (3{t) is a whole-plane 
SLE^ trace in C from a to b, then after a time-change, the reversal of (3 has the distribution 
of a whole-plane SLE^ trace in C from b to a; if (3{t) is a radial SLE,^ trace in some simply 
connected domain D from a to b, then after a time-change, the reversal of P has the distribution 
of a disc SLE{k,,A) trace in D started from b with marked point a. 

Proof. Let two standard whole-plane SLE^ processes {Kj^i{ti)) and (i^^/,2(i2)) be coupled 
according to Theorem 15. 11 Let Pi^i and Pi ^2 be the corresponding traces. Then for any t2 G M, 
conditioned on ^^2(^2)) after a time-change, Pi^i{ti), —00 < ti < Ti(t2), is a stopped disc 
SLE(k, Ai) trace in C \ ^^2(^2) started from with marked point /?2(i2) = -^o(/3/,2(*2))- Now 
Ti(t2) is the first time that /?/,i(t) intersects i^2(i2) = /?2([— 00, ^2])- So from the property of 
Ai = A, we see that a.s. pi,i{Ti{t2)) = P2{t2)- So a.s. for any t2 G Q, Pi,i{Ti{t2)) = p2{t2)- 
Since {(32{i2) ■ ^2 G Q} is dense in P2, and is continuous, so a.s. P2 C Since both Pi^i 
and P2 are simple curves, and have end points and 00, so a.s. P2 = Thus, a.s. P2 is a 

time-change of the reversal of Pi^i. Recall that and Pi ^2 are whole-plane SLE^ traces in 
C from to cxD. Since Iq maps C conjugate conformally to itself, and exchanges and 00, so 
P2 = Io{Pi,2) is a whole-plane SLE^ traces in C from 00 to 0. So the reversibility of whole- 
plane SLEk trace holds for a = and 6 = 00. The conclusion in the general case follows from 
conformal invar iance. 

Fix some t2 G M. We know that Pi^i{t), —00 < t < Ti(t2), is a time-change of the reversal 
of P2{t2 + t), < t < 00. If we condition on K2{t), —00 < t < t2, then P2{t2 + i), < t < 00, 
is a radial SLE^ trace in C \ ^^2(^2) from P2{t2) to 0; and Pi^i{t), —00 < t < Ti(t2), is a disc 
SLE(k, A) trace in C\i^2(i2) started from with marked point P2{t2)- So our conclusion about 
the reversal of radial SLE^ trace holds for D = C\K2{t2), a = P2{t2) and 6 = 0. The conclusion 
in the general cases follows from conformal invariance. □ 
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6 Some Particular Solutions 



In this section, for some special values of k, we will find solutions to PDE (j4.ip and (j4.58p . 
which can be expressed in terms of H and H/. In the next paper ([30J) we will show that the 
A2,7r in Proposition I6.H the Ai in Proposition 16.21 and the Ai in Proposition 16.31 satisfy the 
condition for A in Theorem l5.3l in the case k = 4, k = 2, and k = 3, respectively. So Conjecture 
[U holds at least for k = 2, 3, 4. 



From Lemma 3.1 in |22j . we see that H satisfies 

H = H" + H'H. (6.1) 
Since Hiip, z) = H(z — ip) — i, it is easy to check that 

H/ = H'/ + U'jHi. (6.2) 
From (|6.1|) and (j6.2|) . it is easy to check that A satisfies (|4.ip if and only if <^ := A + H/ satisfies 

6 = + + (4 - k)H'/ (6.3) 
on (0, oo) X M; and A satisfies (I4.58P if and only if <I> := A + H satisfies 

$ = '1^" + + (4 - k)H." (6.4) 

on (0, oo) X (M \ {poles}). In the case k = 4, (j6.3p and ()6.4p both become 

6 = 2^" + (6.5) 



We first suppose that $ depends only on the second variable, i.e., $(p, x) = f{x). Then (j6.5p 
becomes an ODE: 2f" + /'/ = 0. The solutions include: f{x) = C, f{x) = 4/{x - C), f{x) = 
4C2tanh(C2(x-Ci)), f{x) = AC2 coth{C2{x - Ci)) , and /(x) = 4C2 coth(C2(x-C7i)), where C, 
Ci, and C2 are real constants. Among these functions, only /(x) = C and /(x) = 2coth(x/2) 
have period 27r, and have no poles other than 2mT, n G Z. From (j6.ip and (|6.2p . we find that 
$(p, x) = 2H(2p, X — C) and <I>(p, x) = 2H/(2p, x — C) also solve (|6.5p . Thus, we have the 
following proposition. 

Proposition 6.1 Suppose k = 4. The following functions are crossing annulus drift functions 
that solve (^TTp.- Ai^c'(p, x) = — H/(p, x) + C and h.2^c{p-,x) = — H/(p, x) + 2H/(2p, x — C); 
the following functions are chordal-type crossing annulus drift functions that solve ^.5^ : 
^3,c{p,x) = -H(p,x) + C, A4(p,x) = -H(p,x) + 2cot(x/2), A5{p,x) = -H(p, x) + 2H(2p, x), 
and A^^ciPj x) = —H{p, x) + 2H/(2p, x — C), where C is a real constant. 

From the proof of Lemma HI we see that, if there are a non- vanishing C^'^ differentiable 
function F on (0, 00) x M, and a continuous function C on (0, 00) x M which depends only on 
the first variable, i.e., C{p,x) = C{p), such that the following equation holds: 

t = " + H,r' + ^H^f + Cf, (6.6) 
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then A := kV /T solves ()4.ip . Similarly, if a non- vanishing C^'^ differentiable function F on 
(0, oo) X (M \ {2n7r : n £ Z}) satisfies 

f = " + Hf ' + ^H'f + Cf (6.7) 

for some function C depending only on the first variable, then A := kT' /T solves (j4.58p . 
Note that if B on (0, cxd) x M satisfies 

G = e" + e'H/ + ce (e.s) 

for some function C depending only on the first variable, then F := 0' satisfies 

F = f " + H/f ' + H'jf + CF, 

which is equation (j6.6p when k = 2. Thus, if satisfies ()6.8p and 0' does not vanish anywhere, 
then A := 20'70' solves (gl]) when k = 2. Similarly, if on (0,cx)) x (M \ {2mr : n G Z}) 
satisfies 

= 0" + 0'H + C0. (6.9) 

for some function C depending only on the first variable, and 0' does not vanish anywhere, 
then A := 20'70' solves (fTO]l when k = 2. 

From (fOI) we see that 0i = H/ solves ([63]) with C = 0. From (f6ll) we see that 02 = H 
solves (16. 9p with C = 0. It is also easy to check that 03 (p, x) = pilf{p, x) + x solves (16. 8p with 
C = 0; and @4{p,x) = pil{p,x) + x solves ()6.9p with C = 0. It is clear that, for j = 1,2,3,4, 
@'j{p,-) has period 27r. Now we consider the signs of 0^-. Since 0i = Hj, and H/(p, •) is 
differentiable on M with period 2tt, so we can not expect that Qi{p, •) does not vanish anywhere 
on M. For the signs of 0^-, j = 2, 3, 4, we have the following lemma. 

Lemma 6.1 For any p £ (0,oo) and x G M, Q'^{p,x) > 0. For any p £ (0, oo) and x G 
M \ {2mr : n G Z}, Q'^ip, x) < 0, and Q'^{p, x) < 0. 

Proof. From (j2.12p we have 

n even ^ ' 

From (3) in [23j, we have 

2 

U(p,z) =i-U{ — ,i-z)--. (6.11) 
p p p p 

Since iliip, z) = —i + H(p, z — ip), so we have 

2 

H/(p,z) = i-H(— ,7r + i-z) - -. (6.12) 
p p p p 
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From ()6.1ip and (|6.12p we have 



Il'{p,z) = -^U'{-,i-z)--; (6.13) 
p p p 

U'i{p,z) = -—U'{—,7r + i-z)--. (6.14) 
p p p p 



From (IG.lOp and ()6.13p . for any p £ (0, oo) and x G M \ {2mT : n G Z}, we have 

2 2 2 n n— — — X 

Q'^ip, x) = pH'(p, x) + 1 = H'(— , z-x) = V < 0; 

^ ^ ^ neven (e P — eP ) 

G'2(p,x) = (G'4(p,x)-l)/p<0. 
From (|6.1Up and (|6.14p . for any p £ (0, cxd) and x G M, we have 

G3(p,x) =pH;(p,x) + 1 = -— H'(— ,7r + f-x) = — V — ^/ ^ " — >0. □ 

J- J- neven (^e P +6?' j 



We will find more solutions of (|6.9p . Define 

65(^,2) =H(2p,z)-H,(2p,z); 

e6(p, z) = -H(^, -) - -H(^, - + vr); 
bv/'; ; 2^2 2^ 2 ^2 2 

G7(p, z) = ^H(p, ^) - ^H,(p, |) - iH(p, I + vr) + ^H^P, | + vr). 

Note that G5(p, •) = (G4(2p, •) - G3(2p, ■))l{2p), so from Lemma EU we have %(:p, •) < 
on M \ {2n7r : n G Z}. From an earlier discussion, we can conclude the following proposition. 

Proposition 6.2 Suppose k = 2. Then Ai = 2G3/Q3 is a crossing annulus drift function that 
solves ^2 = 2G2/02> ^3 ~ 2G4/G4, and A4 = 2G5/G5 are chordal-type annulus drift 

functions that solve |-^.5(§| ). 

Fix some p > 0. Let Lp = {2mT + i2kp : n,k £ Z}. Let Fr, p denote the set of odd analytic 
functions f on C \ Lp such that each z G is a simple pole of /, 27r is a period of /, and 
i2p is an inverse period of /, i.e., f{z + i2p) = —f{z). Let Fg^p denote the set of odd analytic 
functions / on C \ Lp such that each 2; G Lp is a simple pole of /, 27r is an inverse period of 
/, and i2p is a period of /. Let F-j^p denote the set of odd analytic functions / on C \ Lp such 
that each z G Lp is a simple pole of /, and both 27r and i2p are inverse periods of /. From the 
properties of H and H/, it is easy to check that Qj(p, •) G Lj^p, j = 5, 6, 7. 
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Suppose / G Fs^p. Let C/ = ReSz=o f{z)/ ReSz=o@5{p, z) = ReSz=o f{z)/2. Then g := 
/ — Cf@5{p, •) G -F5,p7 and is a removable pole of g. From the periodicity of g, every z £ Lp 
is a removable pole of g. So (7 must be a constant. Since g is odd, so the constant is 0. Thus, 
f = C@5{p, ■). So F^^p is the linear space spanned by 65 (p, •). Similarly, Fj^p is the linear space 
spanned by &j{p, •), j = 6.7. We have the following lemma. 

Lemma 6.2 For j = 5, 6, 7, Qj solves i6.9\) for some function C depending only on p. 
Proof. For j = 5,6,7, Define 

Jj = Qj - - e;H, C, (p) = ^Res,=o Jj (P, •) • 

We first consider the case that j = 5. Fix p > 0. Since is a simple pole of 05(p, •), so from 
()2.13p . it is easy to conclude that is also a simple pole of J^i^p, •). From that Q^i^p, •) G -^s.p, and 
that H(p, •) has period 27r, and H(p, z + 2-k) = H(p, z) — 2i, it is easy to check that J^i^p, •) G F^^p 
as well. So J^{p-,-) = C^{p)Q^{p,-). Thus, 85 solves (|6.8p with C = C5. Similarly, ©g and 87 
solve (j6.8p with C = Ce and C = C-j, respectively. □ 

For the signs of Qj, j = 5,6,7, we make the following observations. Consider a conformal 
map W from the rectangle {x + iy : < x < tt,0 < y < p} onto the forth quadrant {x + iy : x > 
0, y < 0} such that W{0) = 00 and W{-k) = 0. Then W{Tr + ip) and W{ip) are pure imaginary, 
and > ImTy(7r + ip) > lmW{ip). Applying Schwarz reflection principle to reflections about 
vertical lines nir + iM, n G Z, we may extend W to an analytic function on Sp. Note that the 
reflection function about iM is z 1-^ —'z, and the reflection function about vr + iM is z ^ 27r — z. 
So now W satisfies W{—z) = —W{z) and W{27r — z) = —W{z). Thus, W has period 2tt, takes 
real values on M \ {2mr : n G Z}, and takes pure imaginary values on Mp. 

Applying Schwarz reflection principle to reflections about horizontal lines M^p, A; G Z, we 
may now extend W to an analytic function on C\Lp. Since W takes real values on M \ {2mT : 
n G Z}, and the reflection function about M is 2; 1-^ z, so satisfies W{z) = W{z). Since W 
takes pure imaginary values on Mp, and reflection functions about Mp and zM are z ^ i2p + z 
and z I— > — z, respectively, so W satisfies W{i2p + z) = —W{z). Then we can see that i2p is 
an inverse period of W . Since W satisfies z) = —W{z) and W{2it — z) = —W{z) on S^, 
so W still satisfies these equalities on C \ Lp. Thus, 27r is a period of W . From M^(z) = VF(z) 
and ly(-z) = -W{z) we see that W is odd. So G Fs^p. Thus, W = Cw^biPr), where 
Cw = Res2=o VK(z)/2. From the value of in {x + iy : < x < vr, < y < p}, we see that 
Cw > 0. WLOG, we may assume that Cw = 1, so W = 65(^5, •). Since 05(p, •) = W maps 
[ip, vr + ip] onto a closed interval / C {iy : y < 0}, so after reflection, 05(p, •) maps Mp onto /. 
Thus, Qsip, •) takes pure imaginary values on Mp, and Im05(p, •) < on Mp. 

Similarly, we can conclude that both Qq^p, •) and @7{p, •) map {x+iy : < x < 7r,0 < y < p} 
conformally onto {x + iy : x > 0,y < 0}, and satisfy Qq{p,0) = 00, = QQ{p,ip) < Qe{p,TT + 
ip) < @q{p,tt); 87(^,0) = cxD, = @7{p,7: + ip) < 07(p, vr), Q-j{p,ip) G iM, and Im 67(7?, ip) < 0. 
So for j = 6,7, 0j(p, •) > on (0, vr]. After reflection, we have 0j(p, •) > on (0,27r). Since 
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2tt is an inverse period of Qj{p,-), so for any n G Z, 0j(p, •) > on (4n7r, (4n + 2)tt) and 
Qj{p, •) < on ((4n — 2)7r, 4n7r). In summary, we have the following lemma. 

Lemma 6.3 For any p > 0, i&^ip,-) > on Rp,- for j = 6,7 and n G Qj{p,-) > on 
(4n7r, (4n + 2)7r) and 9j(p, •) < on ((4n - 2)7r,4n7r). 

Now we consider the case that k = 3. Let Li = 85, r2 = &e, Fs = ©7, and Tj{p,z) = 
Tj-3{p, z + ip), j = 4, 5, 6. We then have the following lemma. 

Lemma 6.4 Let k = 3. Then ri,r2,r3 solve ^6. ?| j for some function C depending only on p; 
and r4,r5,r6 solves i6.b]) for some function C depending only on p. 

Proof. This is similar to Lemma 16.21 For j = 1,2,3, define 

^ 3^ ^ 1 ^ 1 
Jj = - -F" - HF^- - ^H'Fj, Cj{p) = -Res^=o Jj{p, •)• 

For j = 1, we can conclude that Ji{p, •) G F^^p for any p > 0. So Ji{p, •) = Ci{p)Ti{p, •). Thus, 
Fi solves (|6.7p with C = Ci. Similarly, for j = 2, 3, Fj solves (|6.7p with C = Cj. For j = 4, 5, 6, 
from the definition of Fj, that solves (16. 7p . and that ili{p, z) = H(p, z — ip) — i, it is easy 
to check that Fj solves ()6.6p with C = Cj-3. □ 

From Lemma [6. 31 F4 is pure imaginary and does not vanish on M, so F4/F4 takes real values 
on M; F2 and F3 are real valued and does not vanish on M \ {2Ti7r : n G Z}, so F2/F2 and 
F3/F3 take real values on M \ {2n7r : n G Z}. Since 27r is an inverse period of F2 and F3, so 
27r is a period of F2/F2 and F3/F3. From an earlier discussion, we can conclude the following 
proposition. 

Proposition 6.3 Suppose k = 3. Then Ai = 3F4/F4 is a crossing annulus drift function that 
solves A2 = 3F2/F2 and A3 = 3F3/F3 are chordal-type annulus drift functions that solve 

Now we consider the solutions for some other values of k. Let H2{p,z) = H(p, z/2). From 
(j6.ip . we have 

H2 = 4H'2' + 2H2H2. (6.15) 

Let G = H — 2H2. Then for each p > 0, G{p, ■) is an odd analytic function on C \ Lp, and each 
z G Lp is a simple pole of G. From H(p, z + 27r) = H(p, z) and H{p, z + i2p) = H(p, z) — 2i we 
see that both An and iAp are periods of G{p, •). Fix some p > 0, define 

Ji^) = - 2G'(p, z) + 3U'{p, z). 

Then J is an even analytic function on C \ Lp, and has periods 47r and i4p. Fix any zq = 
2noTT + i2kQp G Lp for some no,ko G Z. Then 2zo is a period of J, so Jzoi^) '■= J{z ~ ^o) is 
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an even function. Thus, Res2=^Q J{z) = 0. The degree of zq as a pole of J is at most 2. The 
principal part of J at Zq is J^Z^ 

for some C{zq) £ C. The principal part of G{p,-) at zq is 

either ^5f^ or and the principal part of H(p, •) at zq is always We can compute 

that either C{zo) = i=|^ - 2(6) + 3(-2) = or C{zo) = $ - 2(-2) + 3(-2) = 0. Thus, every 
zo S is a removable pole of J, which together with the periods 47r and iAp implies that J is 
a constant depending only on p. Differentiating J w.r.t. z, we conclude that 

2G" = G'G + m". (6.16) 

From G = H - 2H2 we have 2H2 = H - G. So from (I6T5I1 and (1636]) . we have 

H - G = SH'a' + 4H'2H2 = 4H" - 4G" + (H' - G')(H - G) 

= 4H" - 2(G'G + 3H") + (H' - G')(H - G) = -2H" - G'G + H'H - G'H - H'G. 
From the above formula and (16. ip . we have 

G = 3H" + G'G + H'G + G'H. (6.17) 

Thus, G solves ()4.58p when k = 0. Note that H/(p, 2/2) also satisfies ()6.15p . Let Gj{p,z) := 
H(p, z) — H/(p, |). Then G/(p, •) is also an odd analytic function on C \ Lp, and have periods 
Att and i4p. The principal part of Gj{p, •) at every zq G Lp is also either oi' ^^^^ • Using a 
similar argument, we conclude that G/ also solves (j4.58p when /t = 0. 
Now let F = -G/3. Then G = -3F. From (f6T6]) we have 

= 2F" + 3F'F + H". (6.18) 

From (j6.17p we have 

F = -H" - 3F'F + U'F + F'H. (6.19) 

From I* ([6l8]) + (|6l9]) . we get 

F = -F" + -H" + U'F + F'H + F'F. 
3 3 

Thus, F solves ()4.58p when k = Similarly, Fj = —Gj/3 also solves ()4.58p when k = 
Note that F, G, Fj, Gj all have period 47r instead of 27r in the second variable. 

Suppose for p > and 1 < j < 8, Aj{p, •) are functions defined on M \ {2n7r} with period 
2tt such that, Ai(p, •), A3(p, •), A5(p, •), and A7(p, •), are the extensions of the restrictions of 
G(p, •), Gi{p,-), F{p,-), and ^/(p, •) to (0, 27r), respectively; and A2(p, •), A4(p, •), Aeip,-), and 
A8(p, •), are the extensions of the restrictions of G(p, •), G/(p, •), -F(p, •), and Ff{p, •) to (— 27r,0), 
respectively. Since H has period 2it in the second variable, so we have the following proposition. 

Proposition 6.4 When k = 0, Ai, A2, A3, and A4 are chordal-type annulus drift functions 
that solve \4.58^ . When k = 16/3, A5, Ag, A7, and Ag are chordal-type annulus drift functions 
that solve (^75^. 
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